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To God 


G. F. Voronoi (1908) Monograph Translations Series 


Preface 


Georges Fedosevich Voronoi + was born in Zhuravka, 
Poltava guberniya, Russia (now Ukraine) on 28*” April, 
1868. His father was a superintendent of Gymnasiums 
(senior secondary schools) in Kishinév, a town in Moldo- 
va now, and in other towns in the then southern Ukraine. 


He entered the Gymnasium in Priluki in 1885. After 
that he entered the Faculty of Physics and Mathematics 
at the University of St. Petersburg. He graduated from 
the department in 1885. Then he went on to do a master 
degree and completed it in 1894 His dissertation for the 
master degree was on algebraic integers associated with 
the roots of an irreducible cubic equation, that is a third- 
degree equation with a general form ar?+4+ ba? +cr +d= 
O. He became a professor in the Department of Pure 
Mathematics at University of Warsaw. 


His doctoral dissertation submitted to the University 
of St. Petersburg in 1897 was on a generalisation of the 
algorithm of continued fractions, that is fractions writ- 


ten in the form r = ——+,— and which terminates when 
Ok 


r is rational. In the work for his Ph.D. he provided an 
algorithm ofr calculating fundamental units of a general 
cubic field for both a positive and negative discriminant. 
Both of his dissertations won the Bunyakovsky prize t by 
the St. Petersburg Academy of Science. 


The topic of these three papers of Voronoi goes back 
to Gauss (Johann Carl Friedrich Gauss, 1777-1855) and 
Hermite. 


tj Sometimes written as Georgy Fedoseevich Voronoy. 
In French publications his last name is written Vorono%. 

} Named after Viktor Yakovlevich Bunyakovskii (1804— 
1889). 
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New applications of continuous parameters 
to the 
theory of quadratic forms 


Second Memoir 
Research on the primitive parallelohedron 


by Mr. Georges Voronoi in Warsaw 


[Journal ftir die reine und angewandte Mathematik] 
[V. 134, 1908] 


[translated by K N Tiyapan] 


The well known method of reduction for the binary, 
ternary and quaternary positive quadratic forms j rests 
upon a property of the positive quadratic form, to know: 


Every positive quadratic form iio, j214ij2it; has n 

variables in the set E composing all of the systems (21, £2, 

.,2n) of integers of the variables £1, £2, ..., En N con- 
secutive minima 


Mi< M2<::-< Mn 


determined at condition which the determinant w of a sys- 
tem 


(li1,lo1,...,bn1), (12, l22,.--,bn2),--+, (lin, lan, ---,lnn) (1) 


} Lagrange, Recherches d’Arithmétique [Studies in ari- 
thmetic] (Oeuvres, V. III, p. 695) 


Gauf, Disquisitiones arithméticae (Oeuvres, V. I, art. 
171, p. 146) 


Lejeune- Dirichlet, Uber die Reduktion der positiven 
quadratischen Formen mit drei unbestimmten ganzen 
Zahlen [On the reduction of the positive quadratic forms 
with three indeterminate integers] (Oeuvres, V. II, p. 41) 
Minkowski, Sur la réduction des formes quadratiques pos- 
itives quaternaires [On the reduction of the quaternary 


positive quadratic forms] (Comptes Rendus des séances 
de l’Académie de Paris, V. 96, p. 1205) 
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which represent these minima in the set E does not van- 
ash. 


In all the cases where one has 


wostl 


one can transform the quadratic form )>)laij;x;x; into an 
equivalent form by using a substitution 


n 
fe pep (4=1,2,...,n) 
k=1 


In the transformed form )))/aj,,z:zj;, one will have 


Qh, = My (k=1,2,...,n) 


The form )°)\aj;xizj; obtained is said to be reduced 
with respect to the consecutive minima. 


The binary, ternary, and quaternary positive quadra- 
tic forms can be reduced with respect to the consecutive 
minima. { The algorithm which one uses in doing the 
reduction of these forms is founded on the following the- 
orem. 


For a positive quadratic form 


f (21, 82,---,En) = ea ais; (n = 2,3,4) 


to be reduced with respect to the consecutive minima, it 
is necessary and sufficient that one has the inequalities 


f(%1,22,. ++)Uk-1) 1, @%41, wae ,Zn) > Qkk (k => 1,2,. . .,n) 
(2) 
and 
Q11 S$ G22 S5.---S ann (3) 


t Korkine and Zolotareff, Sur les formes quadratiques 
positives. (Mathematische Annalen, V. 6, p. 336 and V. 
11, p. 242) 
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which is valid for integers of the variables 


Capcy BR CRE ey La OK Hy Deh) 
By letting 
xi=x,+6;r;, where 6,=0 and i=1,2,...,n (4) 
one will determine for the given form f(z1,@2,...,@n) in- 
tegers 61,..., O4-1, Ox41,-+-,5n the condition of which the 
corresponding value f(61, ...,6%-1,1,6%41,---,;6n) would 
be smallest. By making successively k = 1,2,...,n and 


repeating the procedure stated, one will always trans- 
form the given form with the aid of the substitution (4) 
into a form which is no different from the reduced form 
except by a permutation of the coefficients (n = 2, 3, 4) 


The procedure stated in the general case can not be 
carried on indefinitely and one will always arrive at an 
equivalent quadratic form )/aj,2;x; which verifies the in- 
equalities (2) and (3), but one does not know from the 
number of variables n > 4 whether the coefficients aj, 
(k = 1,2,...,n) in the form obtained exhibit a system 
of consecutive minima, besides: one also does not know 
whether the reduction of every positive quadratic form 
with respect to the consecutive minima is possible. 


One rids oneself of the described difficulty by chang- 
ing the notation of system with n consecutive minima 
into nothing more than considering the systems (1) - 
which verify the equation 


wotl. 


This is the method known as Hermite method j which 
has recently been improved by Mr. Minkowski in the 
memoir titled Diskontinuitadtsbereich ftir arithmetische A- 
quivalenz. [Discontinuity domain for arithmetical equiv- 
alence] { in the set EZ, the quadratique >>> \a;;x;x2; being 
positive and a1,Q@2,,Q@, any arbitrary parameters. 


| Hermite, Extraits de lettres a Jacobi sur différents ob- 
jet de la théorie des nombres (This Journal, V. 40, p. 
302) 

t This Journal, V. 129, p.220 
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In the case n= 2 , the problem put forward has been 
solved by Lejeune-Dirichlet and by Hermite 8 


By reflecting upon the principles which have served 
as basis in these researches of these two illustrious ge- 
ometers, I have observed that the problem introduced is 
intimately connected to the problem of the reduction of 
positive quadratic form. 


In effect, Lejeune-Dirichlet and Hermite have demon- 
strated the following theorem. 


The conditions necessary and sufficient for which the 
inequality 


ax* + 2bay + cy? + 2ay + 2By >0 


holds, for any integer values of x and y, in general come 
down to six inequalities 


al? + 2blm + cm? + 2(al+ Bm) >0, 
al!” + 2bl'm' + cm!? +2(al! + Bm’) >0, (5) 
al!’? + 2b1"m" + em!” + 2(al" + Bm") > 0, 


where the systems of integers 
(l,m), (U',m') and (l",m” 


depend only on coefficients of the quadratic form (a,b,c). 


By considering the parameters a and 6 as the Carte- 
sian coordinates of a point (a,8) of the plane, one will 
determine by the inequalities (5) a hexagonal P which 
is formed by three pairs of parallel edges. The study of 
properties of the hexagon P plays an important role in 
the study of Lejeune-Dirichlet which has indicated two 
fundamental properties of the hexagon P. 


I. There exists a group of translations of the hexagon 
P with the aid of which all the plane will be covered by 
the congruent hexagons. 


§ Lejeune-Dirichlet, Mémoire cited 
Hermite, Sur la théorie des formes quadratique ternaires 


[On the theory of ternary quadratic forms] (This Jour- 
nal, V. 40, p. 178) 
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Il. Any binary positive quadratic form can be trans- 
formed by an equivalent form (a,b,c) satisfying the con- 
ditions 

a—b>0,b>0,c-b>0. (6) 


The hexagon P corresponding to the form (a,b,c), in 
the case 
a—-b>0,b>0,c-b>0, 


ts characterised by the systems 


(1,0), (0,1), (1,-1) (7) 


In the case a—b = 0, or (b= 0), or c—b= 0, the 
hexagon P reduces itself into a parallelogram. 


The inequalities (6) define a domain D of binary 
quadratic forms which is perfectly determined by the 
systems (7). 

With the help of the substitution 

id er Y= -y', 


one will transform the domain D by a domain D’ defined 
by the inequalities 


a+b>0,-b>0,c+6b>0 (8) 
which is characterised by the systems 


(1,0), (0,1), (4, 1) 


One calls reduced by Selling|’s method] the binary 
positive quadratic forms which verify the inequalities 


(8).4 


By effecting all the transformations of the domain D 
with the help of substitutions 
zg=pe'+qy,y=p'a'+dy' 


t Selling, Uber die bindren und terndren quadratischen 
Formen. [On the binary and ternary quadratic forms] 
(This Journal, V. 77, p.143) 
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of integer coefficients and of determinant +1, one obtains 
a set (D) of domains of binary quadratic forms. 


The set (D) of domains uniformly partitions the set 
of all the binary positive quadratic forms, that is to say: 
a form which is interior to any one domain D of the set 
(D) does not belong to any other domain of this set; a 
form which is interior to a face of the domain D belongs 
to only one other domain of the set (D) which is con- 
tiguous to the domain (D) by this face. 


The results summarised have brought me to a new 
point of view on the problem of reduction of positive 
quadratic forms. 


The problem of reduction of positive quadratic forms 
consist of a uniform partition of the set of positive quadra- 
tic forms with the help of domains of forms, determined 
using linear inequalities and enjoying the property that 
any substitution of integer coefficients and of determinant 
+1 does not change the set (D) of these domains. By 
partitioning the set (D) into classes of equivalent domains 
and by choosing the representatives of all the classes 


D,Di1,...,Dm-1; (9) 


one will call reduced the quadratic forms which belong to 
these domains. 


One could attach the supplementary condition to the 
domains (9) by demanding: 1). that m=1,2, 2). that 
the positive quadratic forms interior to the domain D are 
not equivalent and lastly, 3). that the number of linear 
inequalities which define the domain D be the smallest 
one possible. 


I hope to return another time to the problem posed 
of the reduction of positive quadratic forms. 


In this mémoire, I restrict myself to the study of do- 
mains of quadratic forms which one obtains by gener- 
alising the results shown in studies of Lejeune-Dirichlet 
and of Hermite for the positive quadratic forms in any 
number of variables. 
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The hexagon of Lejeune-Dirichlet can be replaced for 
the positive quadratic forms of n variables by a convex 
polyhedron of the analytical space in n dimensions. 


For a positive quadratic form >>) \a,;x;x2;, the cor- 
responding polyhedron R presents a set of points (a;) 
verifying the inequality 


SoS ajzieg +2) asx, >0 (10) 


in the set EH. The polyhedron R can be determined with 
the help of independent inequalities 


Sod aislinlyr +2) aijlix > 0, (k = 1,2,...,7) 


the number 27 of which does not exceed a limit 


Oe <.2(2"=1), 


The systems of integers 


+(li1, lai, ney Ini), £(lia, loa, ats -yln2), aca »+(li,, lo,, ore -ylnr) 
(11) 


defined by the corresponding equations 


Saal Bi DS Galan =0 


27 faces in n—1 dimensions of the polyhedron R. As these 
faces partition themselves into 7 pairs of parallel faces, I 
call parallelohedron the polyhedron R corresponding to 
any positive quadratic form. 


The systems (11) enjoy many important properties. 


1. For a system (li,lo,...,ln) to belong to the se- 
ries (11), it is necessary and sufficient that two systems 
(li, lo,...,ln) and (-li,—-le, ...,-ln) are the only represen- 


tations of the minimum of the form >)  aijxixzj in the set 
composed of all the systems of integers which are congru- 
ent to the system (l1,lo,...,l,) by relation to the modulus 
2, the system 1, = 0,lo2 =0,...,l, =O being excluded. 


2. Among the systems (11) are found all the repre- 
sentations of the arithmetical minimum of the positive 
quadratic form 0 >) aij 2425. 
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3. among the systems (11) are found all the systems 
(1) which represent n consecutive minima of the form 
Aijlix;. 


4. All the determinants which one can form of any 
n systems belonging to the series (11) do not exceed in 
numerical value a limit n!. 


By designating by the symbol S, the number of faces 
in v dimensions (v = 0,1,2,...,n—1) of a parallelohedron 
R, I have found that 


Sy <(n+1-v)AC)(m")ma1r. (v= 0,1,2,...,n-1) 


By making v = 0 in this inequality, one obtains 
So < (n + 1)! ; 


therefore the number of vertices of a parallelohedron R 
does not exceed a limit (n+ 1)!. By making v= n-1, 
one obtains 

Sn-1 < 2(2"-1). 


I demonstrate in this memoir that there exist paral- 
lelohedra, the symbol S, for which are expressed by the 
formula 


Sy=(n+1-v)A™)(m")ma1- (v =0,1,2,...,n-1) 


All these parallelohedra are primitive. 


The notation of positive parallelohedra plays an im- 
portant role in my studies. 


I have arrived at the notation of primitive parallelo- 
hedra by observing that the parallelohedra possess Prop- 
erty I of hexagons of Lejeune-Dirichlet, in knowing: 


I. There exists a group of transformations of a paral- 
lelohedron R with the help of which one uniformly fills the 
analytical space in n dimensions by the congruent paral- 
lelohedra. 
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Designate by (R) the set of parallelohedra which are 
defined by the inequality 


Sy aaeies + 25) aia; > SOY. aiglil; + 2) ail: ; 


l1,lo,...,l, being arbitrary integers. Ay system (l,;) of 
integers characterise a parallelohedron of the set (RR). 


I demonstrate that the set (R) of parallelohedra cor- 
responding to the various systems (l;) of integers uni- 
formly fills the space in n dimensions. 


The corresponding group of translations of the paral- 
lelohedron R defined by the inequalities (10) is composed 
of vectors [\;] which are determined by the equalities 


er (4=1,2,...,n) 
k=1 
li,le,...,l, being arbitrary integers. 


Any vertex (a;) of parallelohedra of the set (R) be- 
longs to at least n+ 1 parallelohedra. I call simple a 
vertex (a;) which belongs only to n+1 parallelohedra of 
the set (R) and I establish a notion of primitive paral- 
lelohedron as follows: 


One call primitive parallelohedron, a parallelohedron 
the vertices of which are simple. 


All the parallelohedra which are not primitive are 
called nonprimitive. From this point of view, the hexag- 
on of Lejeune-Dirichlet presents a primitive parallelohe- 
dron and each parallelogram is a nonprimitive parallelo- 
hedron in two dimensions. 


Any nonprimitive parallelohedron is a boundary of 
primitive parallelohedra and can be considered as a case 
of degeneracy of primitive parallelohedra. 


I divide the primitive parallelohedra into various typ- 
es by characterising a type of primitive parallelohedra by 
a set (L) of simplexes correlative to the various vertices 
of parallelohedra which belong to the set (R). 


God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 9° February, 2007 11 


Monograph Translations Series G. F. Voronoi (1908) 


An identical vertex (a;) is determined by n+1 equa- 
tions 


So > aijlinljx +250 oslin = A. (k =0,1,2,...,n) 


In n+ 1 systems of integers 


(liz, lar,.--slnk), (k =0,1,2,...,n) 


I make a simplex L correspond by defining it as a set of 
points which are determined by the equations 


nm nm 
vi = >) Velix, where 5) 9, =1 and 9% >0. 
k=0 k=0 
(k=0,1,2,...,n,i=1,2,...,n) 


The set (L) of simplexes which are correlative to the 
vertices of the set (R) of primitive parallelohedra enjoys 
important properties. 


1. The set (L) of simplezxes uniformly partition the 
space of n dimensions. 


2. By effecting the various translations of a simplex of 
the set (L) the length of vector [l;] which are determined 
by the arbitrary integers I1,l2,...,ln, one obtains a class 
of congruent simplexzes which belong to the set (L). 


3. The number of incongruent simplezes of the set (L) 
is finite. 


Property II of hexagons of Lejeune-Dirichlet for the 
primitive parallelohedra can be generalised as follows: 


II. All the quadratic forms which define the primitive 
parallelohedra belonging to the type characterised by the 
set (L) of simplezes are interior to a domain of quadratic 
form in n(nti) dimensions defined by linear inequalities. 


I obtains the linear inequalities which define a do- 
main D of quadratic forms corresponding to a set (L) of 
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simplexes by examining the incongruent edges of prim- 
itive parallelohedra belonging to the type characterised 
by the set (L) of simplexes. 


An vertex (a;) of primitive parallelohedra of the set 
(R) belongs to n+1 edges [a;,a;,] of these parallelohedra 
(k 


= 0,1,2,...,7). 
By putting 
Qik — &} = PikPk, (¢=1,2,...,n;k=0,1,2,...,n) 


one can determine the positive parameter pz, of such 
manner that the numbers pig, pox,..-,Pnk are integers and 
do not possesses common divisor. I demonstrate that the 
parameter p, expressed by a linear function 


pr = >_> >_ PhP ai; (12) 


of coefficients of the given quadratic form ) >)  aij;2;2;, 
the coefficients 
k k . : 
pS pes Se a as a) 


being rational. 


I call regulator of the edge [a;,a;x%], the function p, 
determined by the formula (12); the system (pix) is call- 
ed characteristic of the edge 


[a;,Qn]. (K=0,1,2,...,n) 


As the edge [a;, a;x,] is correlative to a face Py of n-1 
dimensions of the simplex L which is correlative to the 
vertex (a;), I call the function (12) regulator of the face 
P, and the system +(Pi,) characteristic of the face P, of 
the simplex L (k= 0,1,2,...,7) 


By designating by 


pe and +(piz), (kK=1,2,...,0) 


the regulators and the characteristics of all the incongru- 
ent faces in n—1 dimensions of the set (L) of simplexes, 
I demonstrate the following important theorem: 
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The domain of quadratic forms which is characterised 
by the set (L) of simplezes is defined by the linear inequal- 


ities 
pr= >> wPay20. (b=1,2,...,0) 


All the domains of quadratic forms which I have stu- 
died in this memoir possess a remarkable property: they 
are simple domains, that is to say the number of inde- 
pendent inequalities which define them is equal to mint) 


Another coincidence has attracted my attention for 
a long time: that is the relation which exists within the 
results shown in this memoir and those which have been 


obtained in my first memoir titled: “On some proper- 
ties of perfected positive quadratic forms” {+ I have ob- 
served that the set of characteristics (pix), Kk =1,2,...,¢ 


is nothing but the set of all the representations of the 
minimum of a perfect quadratic form y. Thee domain D 
either coincides well with the domain R corresponding 
to the perfect form y, or presents well a group of this 
domain. 


Despite all my effort, I have not succeeded in dis- 
covering the tie which attaches the two problems shown 
and which seem to be so different, abstraction made of 
a remarkable formula 


1 oO 
yO Gee = Gait So pwr (Pine + porte t+++-+Pnk@n)? 
k=1 


which supplies the expression of an arbitrary quadratic 
form >> >\ aij: xix; in function of the regulators p,x(k = 
1,2,...,0) which are determined by the formula (12). 


In this formula w;,(k = 1,2,...,0) are positive inte- 
gers which depend only on corresponding faces of sim- 
plexes of the set (L). 


To the various types of primitive parallelohedra cor- 
responds a set (D) of domains of quadratic forms. The 


} This Journal, V. 133, p. 97 
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set (D) uniformly partitions the set of all the positive 
quadratic forms in n variables. 


I show in this mémoire an algorithm, by the aid of 
which one can determine all the domains of forms which 
are contiguous to a domain of the set (D) by the faces 
in mint) —1 dimensions. This algorithm comes down to 
a certain reconstruction of the set (LZ) of simplexes by 
another set (L’). 


The set (D) of domains of forms transforms into it- 
self by all the substitutions of integer coefficients and 
of determinant +1. By dividing the set (D) into classes 
of equivalent domains, one obtains with the aid of the 
algorithm shown the representatives 


DD cin Deg 


of various classes of domains belonging to the set (D). 


By calling reduced the quadratic forms which belong 
to the domains obtained, one establishes a new method 
of reduction of positive quadratic forms. 


I have applied the general theory shown to the study 
of two types of primitive parallelohedra of the space in 
n dimensions which correspond to the principal domain 
of quadratic forms and to the domains which are con- 
tiguous to the principal domain by the faces in n(nti) 1 
dimensions. The principal domain is defined by the in- 


equalities 


-ajyj>0. (=1,2,...,n;7=1,2,...,n;1 47) 


I study in detail the parallelohedra of the space in 2, 
3 and 4 dimensions. 


In the space in 2 dimensions, there is only one type 
of primitive parallelohedra, provided that one does not 
consider as different the equivalent types; it is the hexag- 
on of Lejeune-Dirichlet. 
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The set (D) of domains is composed in this case of a 
single class, the representative of which is the principal 
domain defined by the inequalities (8). 


In the space in 2 dimensions, there is only one single 
space of primitive parallelohedra — it is the parallelo- 
gram. 


In the space in 3 dimensions, there is only one single 
type of primitive parallelohedra — it is a polyhedron of 
14 faces, 8 of which are hexagonal and 6 of which are 
parallelogrammatic. 


The set (D) of domains is composed in this case of a 
single class, the representative of which is the principal 
domain. By calling reduced a ternary positive quadratic 
form az? +a’y2+a"z? + 2byz+ 2b'zx + 2b"x2y which belongs 
to the principal domain determined with the help of in- 
equalities 

a+b'+b">0, 


a’+b"+b>0, 
a” +b+0b'>0, 
—b>0, -b'>0, —-b">0, 


one will arrive at the method of reduction of ternary 
positive quadratic forms due to Selling. { 


In the space in 3 dimensions, there are 4 spaces of 
primitive parallelohedra, they are: 


1). the parallelepiped, 
2). the prism of hexagonal base, 
3). the parallelegrammatic dodecahedron and 


4). the dodecahedron in 4 hexagonal faces and 8 paral- 
lelogrammatic faces. 


t Selling, Mémoire cited 
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In the space of 4 dimensions, there are three types of 
primitive parallelohedra. The set (D) of domains is com- 
posed of three classes of domains of quaternary quadrat- 
ic forms. 


I have determined the three representatives of these 
classes 
D,D',D". 


By calling as reduced the quaternary positive quad- 
ratic form which belong to the domains D, D', D”, I have 
arrived at a modification of the methods of reduction of 
quaternary positive quadratic forms due to Mr. Charve. 


i 


By virtue of this theorem, the problem of uniform 
partition of the space in n dimensions by congruent pri- 
mitive parallelohedra always comes down to the study of 
parallelohedra corresponding to the positive quadratic 
forms. 


I am inclined to think, without being able to demon- 
strate, that the theorem introduced is also true for the 
nonprimitive parallelohedra. 


The parallelohedra of the space in 2 and in 3 dimen- 
sions have been studied by Mr. Fedorow 4 which has 


| Charve, De la réduction des formes quadratiques qua- 
ternaires positives [Of the reduction of quaternary quad- 
ratic forms] (Comptes-Rendus des séances de l’Academie 
du Paris), V. 92, p.782 and Annales de l’Ecole Normale 
supérieure, 2% serie, V. XI, p.119 

q Fedorow, Basic principles in the theory of diagrams. 
St. Petersbourg, 1885 (in Russian) 


Fedorow, Reguldre Plan- und Raumteilung. [Regular pla- 
nar and space partition ] (Abhandlungen der K. bayer. 
Akademie der Wiss. II Cl., XX Bd. II Abt. Miuinchen, 
1899) 


See also: Minkowski, Allgemeine Lehrsdtze tiber die con- 
vexen Polyeder. [General theorems on the onvex poly- 
hedron] (Nachrichten von der Kénigl. Gesellschaft der 
Wissenschaften zu Gottingen, Mathem.-Physikalische 
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discovered with the help of purely geometrical consid- 
erations, the exitence of two spaces of parallelohedra in 
the space in 2 dimensions and the existence of five spaces 
of parallelohedra in the space in 3 dimensions. Mr. Fe- 
dorow has demonstrated that there is no other parallelo- 
hedra in the space of 2 and of 3 dimensions. 


The parallelohedra in 3 dimensions of Mr. Fedorow 
play an important role in the theory of the structure of 
crystals. § 


First part 


Uniform partition of the 
analytical space in n dimensions 
with the aid of 


translations of the same convex polyhedron 
Section I 


General properties of parallelohedra 
On the convex polyhedra in n dimensions 


One will call point of the analytical space in n di- 
mensions any systems (%1,2%2,...,£%,), or simply (a;), of 
real values of variables 21, %o2,...,2n. 


Consider a system of linear inequalities 


nr 
don + >) a2p S00 (k= 1, 2,22556) (1) 


t=1 


Klasses, 1897, p.198) 
§ See: Fedorow, Courses in Crystallography. St. Pe- 
tersbourg, 1901 (in Russian) 


Soret, Cristallographie physique. [Physical crystallogra- 
phy] Genéve, 1894. 


Schonflies, Kristallsysteme und Kristallstruktur. [Crys- 
tal systems and crystal structure] Leipzig, 1891 


Sommerfeldt, Physikalische Kristallographie. [Physical 
crystallography] Leipzig, 1907. 
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of any real coefficients. 


One will say that the set R of points verifying the 
inequalities (1) is of n dimensions, if there exist points 
satisfying the conditions 


aor + >, ain; > 0. (kK =1,2,...,¢0) 
One will call them point, interior to the set R. 


Fundamental principle. | For the set R of points 
verifying the inequalities (1) to be of n dimensions, it is 
necessary and sufficient that the equation 


Pot S> Pr(@or + So ainzi) =0 


k=1 


does not reduce into an identity so long as all the param- 
eters P0,P1;+++,; Pa are positive or zero. 


Definition I. One will call convex polyhedron any set of 
points verifying a system of linear inequalities, on condi- 
tion that this set be bounded and of n dimensions. 


Let us suppose that the inequalities (1) define a con- 
vex polyhedron R and suppose that all the inequalities 
(1) be independent. In such case, the polyhedron R pos- 
sesses o faces in n—1 dimensions which are defined by 
the corresponding equations 


Gor + >, aine; = O. (k=1,2,...,0) 


Definition II. Suppose that a point (a;) belonging to R 
verifies the equations 


Gor + >. aire, = 0, (r=1,2,...,p) (2) 


| The principle announced differs only in the formu- 
lation from the fundamental principle explained in my 
first memoir titled: On some properties of perfect posi- 
tive quadratic forms. (This journal, V. 133, p. 113) 
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and that one had the inequalities 


aor + >) aiza; > 0. (kK=put+l1,...,oc) 


Designate by v the number of dimensions of the set 
P(v) composed of points belonging to R and verifying the 
equations (2). One will call face in v dimensions of the 
polyhedron R the set P(v)a,(v = 0,1,2,...,n—1). 


In the case vy = 1, one will call edge of the polyhedron 
Ra face P(1) and in the case v = 0, one will call vertex 
of the polyhedron a face P(0O). 


For more generality in the notations, one will desig- 
nate by the symbol P(n) the polyhedron R itself. 


Under this restriction, one can introduce the follow- 
ing proposition: 


Any point belonging to the polyhedron R is interior to 


a face P(v) of that polyhedron, where v = 0,1,2,...,n. 


Let us suppose that the polyhedron R possesses s 


vertices 
(a1), (@i2),---, (Qis)- 


Designate by 
(ai1); (Qi2), ee) (Qim) 
all the vertices of R which verify the equations (2). 
Theorem. j{ The face P(v) inv dimensions (v =0,1,2, 


.,n) of the polyhedron R defined by the equations (2) 
presents a set of points determined by the aid of equalities 


m™m 
Li = SS 0,Q;, where Soo, =1 and #?,>0. 


r=1 


+t See my mémoire cited, Number 12 
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(r=1,2,...,m) 


Set of domains in n dimensions corresponding to the 
different vertices of a convex polyhedron. 


Let us suppose a vertex (a;) of the polyhedron R be 
determined by the equations 


Gor +>. ain; = 0. (kK =1,2,...,p) (1) 


Definition. One will call domain corresponding to the 
verter (x;) the set A of points determined with the help of 
equalities 


1 
“34> S> pr@ik where px >0. (K=1,2,..., ps) (2) 
k=1 


Designate by 
Ag Aeon As (3) 


the domains corresponding to the different vertices 


(ain), (ai2), ee (ais) 


of the polyhedron R. By virtue of the definition estab- 
lished, the set (3) of domains enjoys the following prop- 
erties: 


I. All the domains of the set (3) are inn dimensions. 


Let us suppose the domain A determined by the equ- 
alities (2) be not in n dimensions. 


All the points (z;) belonging to the domain A verify 
at least one linear equation 


Sop ie: = 0. 


By virtue of (2), one will have 
Spice =O. (kK=1,2,...,p) (4) 
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As the equations (1) define a vertex (a;) of the poly- 
hedron R, one will find among the systems 


(a11, es »4n1); (a12, sey Qn2); sey (Qin, sey any) 
n systems the determinant of which is not zero; it follow 


that the equalities (4) are impossible. 


Il. Any point of the space in n dimensions belong to 
at least one domain of the set (3). 


Let (a;) be an arbitrary point. Examine the sum 


YS, aidin; (k= 1,2,...,8) 


and suppose that the smallest sum )\a;z2; correspond to 
the vertex (a;) defined by the equations (1). One will 
have the inequalities 


SS) aiair >So ajay. (k= 1,2,...,8) 


By virtue of the theorem of Number 3, one obtains 


5 aivi >) ai Qi, 


for any point (z;,) belonging to the polyhedron R. 


One concludes that the inequalities 
So aiai - Yaz >0O and aoz + So anes >0(k=1,2,...,¢0) 


can not define a polyhedra in n dimensions and, by virt- 
ue of the fundamental principle of Number 1, one will 
have an identity 


pot e(>~ aja; — > aixi) + SY pPr(@or + SS aieee) = 0, 
k=1 


where 
po>0,p>0,pp>0. (K=1,2,...,0) 


By making x2; = a; in this identity, it will become 


Pot >, pr(aon + >, einai) = 0, 


k=1 
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and as according to the supposition made 
Qo + So dina >O0 
as long ask =yp+1,...,0, it is necessary that 
Po = 9, py41 =90,.--, po =O, 


therefore 


iv 
p(>_ ajza;z— 5. G22) + y Pr(@or + 7 Gina) = 0. 
k=1 


One draws 
iv 
a,= Sas where ESO: (K=1,2,...,p) 
p 
k=1 


therefore the points (a;) belongs to the domain A. 


III. A point which is interior to a face A(v) (v=0,1, 
2,...,n) of any domain of the set (3) belongs only to the 
domains of the set (3) which are contiguous by the face 


A(v). 


Suppose the point (a;) be interior to a face A(v) of 
the domain A. 


By designating with 


(ai); (ai2), saag (air), T < L 
the points which characterise the face A(v), one can put 


t 


ee 
ai = D> praik where pPr> 0. (k= 1,2,...,7) 
k=1 


Suppose that the point (a;) be interior to another 
face A'(v’) of a domain A’ which corresponds to a vertex 
(a). One can put 


7! 
aj= S> p;,a;, where p}, > 0. (h=1,2,...,7’) 
h=1 


+t See my mémoire cited, Number 13 
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By virtue of these equalities, one will have an iden- 
tity 


! 
Tv 


Pot >, pr(aon + >) invi) = D> (ao, + do ainei) (5) 
h=1 


h=1 
By making within this identity x; = a;, one obtains 


7! 
pPo= a (ao, + So aia), 
h=1 


and it results that 
po 2 0. 


By making within the identity (5) 2; = xi, one ob- 
tains 


2 
pot >> pr(aor + >- aina) = 0; 
k=1 
consequently po = O and 


aor t+ > aia, =0. (k=1,2,...,7) 


In the same manner, one finds 


Qo, +> eine =O. (h=1,2,...,7') 


One concludes that the two faces A(v) and A'(v’) co- 
incide. { 


By virtue of properties demonstrated of the set (3) of 


domains, one will say that this set uniformly partitions 
the space in n dimensions. 


Definition of the group of vectors 


t See my mémoire cited, Number 20, p. 133 
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Definition I. One will call vector the set of points de- 
termined with the help of equalities 


“i= 2x, +u(a,—a;) where 9<u<1, (1) 

(a;) and (al) being any two different points. 
One will designate the vector determined with the 
help of equalities (1) by the symbol [a;,a/]. In this case 
a, =O(4%=1,2,...,n), one will designate the correspond- 


ing vector by the symbol [aj] and one will call it vector 
of the point (aj). 


Definition II. Suppose that 
[Aca], [Aia],- ++, [Aim] (2) 
be the vectors of arbitrary points (Ai1), (Ai2);--+) (Aim)-- 


One will call group of vectors the set G of vectors deter- 
mined with the help of equalities 


m 
MS A 
k=1 
li,lo,...,lm being of arbitrary integers. 


One will call basis of the group G of vectors the vec- 
tors (2). 


Translation of polyhedra. 
Definition. Effect a linear transformation of a poly- 
hedron R with the help of a substitution 
Spa a Ag eS 1 2h esa) (1) 
the coefficients 1, A2,...,An being arbitrary. One will say 
that one has effected a translation of the polyhedron R the 
length of the vector [A;]. 
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Suppose that the polyhedron R be determined by the 
inequalities 


aor + > ina; > O, (k= 1,2,...,¢) 


The transformed polyhedron R’ will be determined, 
by virtue of (1), by the inequalities 


aor + >. ain (ai — Ai) > Oz (k=1,2,...,¢0) 
One will call congruent the polyhedra R and R’. 


Let G be a group of vectors. By effecting the dif- 
ferent translations of the poly hedron R the length of 
vectors belonging to the group G, one will form a set R 
of congruent polyhedra. 


One will say that the set (R) of congruent polyhe- 
dra uniformly partition the space in n dimensions in the 
following conditions. 


I. Any point of the space in n dimensions belongs to 
at least one polyhedron of the set (R). 


II. A point which is interior to any one face P(v) (v= 
0,1,2,...,n) of a polyhedron of the set (R) belongs to only 
the polyhedrons of the set (R) which are contiguous by the 
face P(v). 


Definition of parallelohedra 


Definition. One will call parallelohedron any convex 
polyhedron R possessing a group G of translations with the 
aid of which one can uniformly fill the space in n dimen- 
stons by the polyhedra congruent to the polyhedron R. 


By virtue of the definition established, the parallelo- 
hedra possess an important property, in knowing: 
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By effecting a linear transformation of a parallelohe- 
dron with the help of a substitution by any real coefficients 


nmr 
t= Ge > aes Oa WZ iy) 
k=1 
one obtains a convex polyhedron which is also a parallelo- 


hedron. 


Observe that by virtue of the definition established, 
any parallelohedron of the space in n dimensions is a 
parallelohedron. 


Properties of the group of vectors of a parallelohedron. 


Suppose that a parallelohedron R be defined by the 
inequalities 


aor + > ain; > 0. (k=1,2,...,¢) 


Designate by G the group of the parallelohedron R 
and suppose that the group G possesses the basis 


[Aaa], [Aga lise ssc [eral (2) 


All the vectors which form the basis of the group G 
can not verify the same linear equation 


So pirdi = 0, 


because otherwise the set (R) of congruent parallelohe- 
dra corresponding to the group G would not fill the space 
in n dimensions. 


One concludes that among the vectors (2) there are 
n vectors 


[Aaa], [Ai2], aeae [Aim] (3) 


the determinant +A of which is not zero; one will call 
them independent. 
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Theorem I. The numerical value A of the determinant 
of n independent vectors possesses a limit 


A> | dx dx2---dzy. 
(R) 


Let (a;) be any point which is interior to the paral- 
lelohedron R. Introduce within our researches a paral- 
lelepiped K determined with the aid of equalities 


ee Sort Y wed, (= 1, 27-4252) (4) 
k=1 
where 
-d<upr<6. (kK=1,2,...,n) (5) 


One can choose the positive parameter 6 in such man- 
ner that all the points of the parallelohedron R defined 
by the inequalities (1) belong to the parallelepiped K. 


Take a positive integer m and determine (m+1)” sys- 
tems (l1,lo, ...,l,) of integers verifying the inequalities 


O<Ii,<m. (k=1,2,...,n) (6) 


Designate by 


mr 


AS Aes. Ch = 12s 4-4)") (7) 


k=1 


(m+ 1)” corresponding vectors belonging to the group 


By applying the translations of the parallelohedra R 
the length of vectors (7), one obtains (m+1)” different 
parallelohedra of the set (R): 


RY, (h=1,2,...,(m+1)") (8) 


Designate by H a parallelepiped which is determined 
by the equalities 


ei=art > urs, (6=1,2,..., 2) (9) 


k=1 
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where 


-d<up<m+6. (k=1,2,...,n) (10) 


I argue that all the points of parallelohedron (8) be- 
long to the parallelepiped H. In effect, let (aS) be any 
point of the parallelohedron R”) (h = 1,2,...,(m+1)”). 
By posing 

aj= a, (4=1,2,...,n) (11) 
one obtains a point (z;) belonging to the parallelohedron 
R which is congruent to the point given (ai). By virtue 
of (4), (7) and (11), one obtains 


nm 
ai”) =a;t+ So (le + un) Aix, 


k=1 
and by (5) and (6), it becomes 
—d<ly tur <m+6, (k=1,2,...,n) 


thus the point (a(”) belongs to the parallelepiped H. 


It follows that 


/ dz,dx2---dzy => By dx,dx2---dzryn. 
(#) A 2 (R*) 


(h =1,2,...,(m+1)”) 


By observing that 
i; dx idz2---dtp, = A(m+ 26)” 
(#) 
and that 


‘) : darydirg:-- day = | dz ,dx2---dztn, 
(R*) (R) 


(h = 1,2,...,(m+1)”) 
one obtains 


A(m-+ 26)" > (m+ ey dxidz2---dzxn. 
(R) 


By making the number m increase indefinitely, one 
finds 


A> | dx ,dx2---dzxn. 
(R) 


God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 9° February, 2007 29 


11 


Monograph Translations Series G. F. Voronoi (1908) 
Theorem II. The group G of vectors of a parallelohe- 


dron possesses basis formed by n independent vectors. 


Designate by G’ a group of vectors having the basis 
(3). It can be that the two groups G and G’ coincide. In 
that case n vectors (3) present a basis of the group G. 


By supposing the contrary, one will have among the 
vectors (2) at least one vector [Xi] which does not belong 
to the group G’. By putting 


N= DUAR, 
k=1 


one will have among the numbers 1), 14,...,U, at least one 
number which is fractional. 


Designate by I1,lo,...,l, the integers verifying the in- 
equalities 


Me—tl< 5 (b= 1,2,...50) 
and suppose that Il’ -1, 40. 
By designating 
Me = Ain, (K=1,2,...,n,k #1) and Aj, =AL— Yl eA, 5 


one obtains a system of n independent vectors 


[Ain], [Aja]; ree Din] 


belonging to the group G, the determinant +A’ of which 
verifies the inequality 


O<A'<=A. 


Nile 


The procedure explained can not be prolonged indef- 
initely, by virtue of Theorem I, therefore one will always 
obtain a system of n vectors forming the basis of the 
group G. 
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Theorem III. The numerical value A of the determin- 


ant of a system of n vectors forming the basis of the group 
G is expressed by the formula 


a= | dz,-dx2---dzxy,. 
(R) 


suppose that the system (3) of n vectors presents a 
basis of the group G. 


Introduce in okur studies a parallelepiped H' deter- 
mined with the help of equalities 


k=1 
where 
6<up<m-—6d.(kK=1,2,...,n) (13) 


I argue that any point of the parallelepiped H’ be- 
longs to at least one of parallelohedron (8). In effect, 
let (zi) be any point of the parallelepiped H’. 


Designate by R®° a parallelohedron of the set (R) to 
which belongs the point (z/). Let [A;] be the vector which 
defines a translation of the parallelohedron R to R®°. By 
putting 

ba eR (14) 


one obtains a point (z;) belonging to the parallelohedron 
R which is congruent to the point xi. By virtue of the 
supposition made, the vector [A;] can be determined by 
the equalities 


AG= So led. (15) 
k=1 


As the point (xz) belongs to the parallelepiped H', 
one will present the equalities (14), by (12) and (15), in 
the following form: 


etizart+ D> (ur—le)rix- 


k=1 
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The point (z;) belonging to the parallelohedron R 
belongs also, by virtue of the supposition made, to the 
parallelepiped K determined by the equalities (4), by 
condition of (5). It follows that 


-—6<up—-i, <6, (kK=1,2,...,n) 
and as, by (13), 
d<upr<m-6, (k=1,2,...,n) 
it becomes 
O<Ig<m, (k=1,2,...,n) 


therefore the vector [A;] determined by the equalities (5) 
is among the vectors (7) and the point examined (z’) of 
the parallelepiped H' belongs to a parallelohedron of the 
series (8). 


It follow that 


i, dzxzidxr2---dzy Re) dxz1dx2---d&Zn. 
H' h (R") 


By making the number m grow indefinitely, one ob- 
tains 


a< | dxzidxr2---dzrn. 
(R) 


By virtue of Theorem I, it is necessary that 


a= | dzidz2---dzry. 
(R) 


Properties of faces in n—1 dimensions of a parallelo- 
hedron. 
12 


Suppose that a parallelohedron R be defined by the 
independent inequalities 


aon + > age, >0. (k= 1,2,...,6) 
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Designate by Py(k = 1,2,...,0) the faces in n-—1 di- 
mensions of the parallelohedron R determined by the 
corresponding equations 


aor + > aint; = 0. (1) 


Let (a;) be a point which is interior to the face Px. 
Examine a parallelepiped K defined by the equalities 


v,=a;+u;z where |u;|<e.(¢@=1,2,...,n) (2) 


One can choose a parameter « however small that one 
will have the inequalities 


Qor+ > aire; > 0, (r=1,2,...,0,r#k) (3) 


for any point (z;) of the parallelepiped K. It results in 
that all the points of the parallelepiped K verifying the 
inequality 


aon + >) ina: 20 (4) 


belong to the parallelohedron R. As the point (a;) veri- 
fies the equation (1), the equation (4) reduces, by reason 
of (2), to this one here 


So aon ui >OQ. 


I argue that one can choose a value of the parameter 
e however small that all the points of the parallelepiped 
K verifying the inequality 


So ainus <0 


will belong to another parallelohedron R, of the set (R). 
By relying on the demonstrated properties of the group 
G of vectors, one will easily demonstrate the proposition 
stated. 


Two parallelohedra R and R, are contiguous by the 
face P, in n—1 dimensions. Designate by [Aix] the vector 
which defines a translation of the parallelohedron R, to 
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R. The face Py, which is defined in the parallelohedron R 
by the equation (1) will be defined in the parallelohedron 
Ry, by the equation 


—@or — eines = 0. (5) 


By carrying out a translation of the face P, the leng- 
th of the vector A;~,, one obtains another face P, of the 
parallelohedron R which will be within the parallelohe- 
dron determined by the equation 


—Gor — 0 ix (xi — Xin) = 0. 


One will call parallel the faces Py and Pj of the par- 
allelohedron R. We have arrived at the following impor- 
tant result: 


All the faces in n—1 dimensions of a parallelohedron 
can be divided into pairs of parallel faces. 


Designate by 


R1,Re,...,Re 
all the parallellohedra which are contiguous to the par- 
allelohedron R by the faces P,, P2,...,P,. Designate by 
[Aaa], [Asa], ---, [Aso] (6) 


the corresponding vectors. 


By virtue of the definition of the parallelohedron, the 
vectors (6) form the basis of the group G. Among the 
vectors of this group there exist the systems of n vectors 
which form a basis of the group G. 


Congruent faces in different dimensions of a paral- 


lelohedron. 


Suppose that a face P(v) in v dimensions of a paral- 
lelohedron R also belongs to the parallelohedra 
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Ri, Re,...,R, of the set (R). Let (a;) be a point 
which is interior to the face P(v). One can determine 
a positive value of the parameter « in such a manner 
that all the point of the parallelepiped K defined by the 
equalities 


i= a;t+uzi where |uij<e (¢=1,2,...,n) 
belong to the parallelohedra R, Ri, Ro,...,R,. 
Designate by [Aix] the vectors the length of which one 


will carry out the translations of parallelohedra R, into 
R(k=1,2,...,7). 


By carrying out the translations of the face P(v) the 
length of vectors [Aix] (kK = 1,2,...,7), one obtains the 
new faces 

Pliv), P'@); bea IPO) 


of the parallelohedron R. 


Definition I. One will call congruent the faces of the 
parallelohedron R 


P'(v), P"(v),...,; PW) 


in v dimensions (v =0,1,2,...,n-—1). 


Theorem. The number of parallelohedra of the set (R) 
which are contiguous by the same face in v dimensions 
can not be less than n+1-v(v=0,1,2,...,n—-1). 


Suppose that the face P(v) be determined within the 
parallelohedron R by the equation 


dor + >. aint; = 0. (r = 1,2,...,") (1) 


Designate by f1,Roe,...,R, the parallelohedra 
which are contiguous to R by the faces in n—1 dimen- 
sions defined by the equations (1). The face P(v) will 
belong to all the parallelohedra Rj, Ro,...,R,, therefore 


Top. 
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As the face P(v) is in v dimensions, it is necessary 
that 


we>n-y, 


and as a result 


TON. 


Definition II. One will call simple a face in v dimen- 
sions which belong to only n+1-v parallelohedra of the 
set (R). 


Definition II. One will call primitive a parallelohedron, 
all the faces in different dimensions of which are sim- 
ple.primitive parallelohedron 


The primitive parallelohedra possess many impor- 
tant properties which simplify the study. 


In the subsequent studies, one will study only the 
primitive parallelohedron and all the nonprimitive par- 
allelohedra which can be considered as a boundary of 
primitive parallelohedra. 


I am inclined to think that each primitive parallelo- 
hedron can be considered in this point of view, but I 
have not been successful in demonstrating this. 


Section II 


Fundamental properties of primitive parallelohedra 


Definition of primitive parallelohedra. 


We have called in Number 16 “primitive parallelohe- 
dron” all parallelohedron, all the faces in different di- 
mensions of which are simple. 
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Theorem I. for a parallelohedron to be primitive it is 
necessary and sufficient that all the vertices be simple. 


The theorem stated is evident by virtue of the defi- 
nition established. 


Theorem II. Two primitive parallelohedra belonging to 
the set (R) can be contiguous by only one face in n-1 
dimensions. 


Suppose that a face P(v) in v dimensions of a prim- 
itive parallelohedron R be determined with the aid of 
n—v equations 


aor + >) airay = 0. (r=1,2,...,n-v) (1) 


Designate by i,Re,...,Rn-, the parallelohedra 
which are contiguous to the parallelohedron R by the 
faces in n—1 dimensions defined by the aid of equations 
(1). The face P(v) will not belong to the parallelohedra 
Ri, Ro,...,Rn-v by virtue of the definition established, 
thus the theorem introduced is demonstrated. 


Edges of primitive parallelohedra of the set (R) 


Let (a;) be a vertex of the primitive parallelohedron 
R determined by n equations 


dor + >) ana; = 0. (k= 1,2,...,n) (1) 


Designate by Ri, Ro,..., Rn the parallelohedra con- 
tiguous to the parallelohedron R by the faces in n-1 
dimensions determined with the help of equation (1). 


By virtue of the definition established, the vertex 
(a;) will not belong to the parallelohedra Rj, Ro,..., Ry 
of the set (R). 
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Determine n numbers Pix, Por,..., Pn, with the help 
of equations 


Say PS ONS ie POR Once). (2) 


The equations (2) do not define the number Pix, Pox, 
..;Pnr to a common factor. Attach to the equations (2) 
a condition 


SS GRD SO (Rh S112) 20057) (3) 
and consider a vector g, determined with the help of 


equalities 
xi = ait pire where p>0O. 


By attributing to the parameter p positive values suf- 
ficiently small, one will determine, by (3), the points of 
the vector gx, belonging to R. By putting 


Qik = % + PikPks 
one will determine a vertex (a;x) of the parallelohedron 
R adjacent to the vertex (a;) by an edge P,(1) of the 


parallelohedron R (k= 1,2,...,n). One will characterise 
the edge P,(1) by the symbol [aj, aig]. 


Observe that all the points of the edge P,(1) verifies 
n—1 equations 


Qor + >. aire, = 0. (r=1,2,...,n;r#k) 
It follows that the edge P,(1) belongs to the paral- 
lelohedra 
R,Ri,..., Re-1, Reti,..., Rn (k=1,2,...,n) 


and by virtue of the definition established, does not be- 
long to any other parallelohedron of the set (R). 


One concludes that the parallelohedra 
Ri, Re,..-,Rn 
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are contiguous by an edge too. By designating this edge 
by Po(1), one will determine it with the symbol [aj;, aio] 
by putting 

Qio = a; + Piopo- 


We have arrived at the following result: 


There exist n+1 edges of parallelohedra of the set (R), 
contiguous by one common vertex of these parallelohedra. 


Observe that n-—1 edges 
Pine PIG) Prelit 4S, Ocean) 


define a face in n—1 dimensions which is common to 
the parallelohedra R and Ry(k = 1,2,...,n). Two par- 
allelohedra Ry, and R,(k = 1,2,...,n;h =1,2,...,n) are 
contiguous by a face in n—1 dimensions which is defined 
by n-—1 edges 


P,.(1). (r=0,1,2,...,.n;r#k,rF#h) 


Canonical form of equations which define a vertex of 
a primitive parallelohedron. 


By conserving the previous notations, one can deter- 
mine the vertex (a;) within the parallelohedron R with 
the help of equations 


Ur (Gon + > ines) = 0, (kK =1,2,...,0) (1) 


U1,U2,...,Un being positive arbitrary parameters. One 
will say that the equation 


—Uk(@or + ye 0Gk@)) = 0 where uz, > 0 


does not define within the parallelohedron R a face in 
n—1 dimensions because the inequality 


—ur(aor + >, ainxs) > 0 
will not satisfy all the points of the parallelohedron R. 
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Theorem. One can determine the positive values of pa- 


rameters U1,U2,;---,;Un to a common factor, such that by 
putting 

! ! . 

Aon = UkG0k) Oi, = URGiz, ((@=1,2,...,n;k = 1,2,...,n) 


one will define the vertex (a;) within the parallelohedron 
R by the equations 


> ai, (ai — 4) = 0, (kK =1,2,...,n) (2) 


and one will define the vertex (a;) within the parallelohe- 
dron Ry, (k=1,2,...,n) by the equations 


(a4, — ain) (wi -— 4) = 0, (A= 1,2,...,n;h Ak) 


(3) 
~ So ain (ei — 2%) = 0. (kK=1,2,...,n) 


Take an arbitrary positive parameter 6 and deter- 


mine the parameters uji,U2,...,Un after the equations 
Un >, Gin (ai — O40) = 6. (k= 1,2,...,n) (4) 
I argue that the values wi,u2,...,un obtained satisfy 


the conditions of the theory stated. 


To demonstrate this, observe in the first place that 
the equations (4) define the positive values of uj, wu2,..., 
Un. In effect, we have seen in Number 18 that the edge 
Po(1) defined by the equalities 


L,=atu(ai—a;) where O<u<l (5) 
does not belong to the parallelohedra R), R2,...,Rn. One 
concludes that by attributing to the parameter wu any 
negative values sufficiently small, one will determine by 


the equality (5) a point which will be interior to the 
parallelohedron R. It follows that 


So ain(ai—ain) >0, (k= 1,2,...,n) 
and the equations (4) give 
up >O. (k=1,2,...,n) 


40 9° February, 2007  God’s Ayudhya’s Defence, Kit Tyabandha, Ph.D. 


G. F. Voronoi (1908) Monograph Translations Series 


This established, designate by 
Soa? (ep - ay) SOS 12 5H) (6) 


the equations which define the vertex (a;) in the paral- 
lelohedron R;,(k =1,2,...,n) 


Observe that n edges P,(1)(r = 0,1,2,...,n,r # k) 
are contiguous by the vertex (a;) in the parallelohedron 
R,. Each equation (6) will be verified by n—-—1 edges. 
One can thus put 

S- al? (air — a) = 0, (r= Le 2a npr BR) 


7 
Sal} (aio — ai) > 0 se 


and 
aay, (air ai) = 0, (r =0,1,2,...,mr Abr eh) (8) 
S_ af} (ain — a4) > 0. (h=1,2,...,nj;h#k) 


The conditions established define the coefficients of 
equations (6) to a common positive factor, which can be 
arbitrarily chosen. 


Observe that the coefficients of equations (1), which 
define the vertex (a;) in the parallelohedron R are also 
determined to a common positive factor and satisfy the 
conditions 


Sain (ir — a4) = 0, 
(r=1,2,...,n;r#k;k=1,2,...,n) (9) 
S> ain (ain — a4) >0 


The equalities (4), (7), (8) and (9), one takes 


al) = —OKURGix, 
a\*) = On (UnGin — URGik), 
(4=1,2,....n;h=1,2,....n;h#k) 
where 61,62,...,6, are positive factors. One can put 
61 =1,62=1,...,6, = 1, 
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and the equations (6) become 


So (un@in — Unain) (wi - 4) = 0, (R=1,2,...,n;h#k) 
— So upain (xi — a4) = 0. 


The theorem introduced is thus demonstrated. 


One will say that the equations (2) and (3) which 
define the vertex (a;) in the contiguous parallelohedron 
R,Ri,...,R,y are presented in the canonical form. 


We have seen in Number 18 that the parallelohedra 
R, and R,(k = 1,2,...,n;h = 1,2,...,n) are contiguous 
by a face in n—1 dimensions. As this face is characterised 
by the edges P,(1)(r=0,1,2,...,n;r#Akj3r Ah), one will 
determine it in the parallelohedron Ry, by the canonical 
equation 


S"(a4n — in) (ei — 4) = O. 


Canonical form of inequalities which define a positive 
parallelohedron. 
20 


Suppose that a primitive parallelohedron R is deter- 
mined with the help of independent inequalities 


aor + >) ain; > 0. (k= 1,2,...,0) 


Bu designating with w1,ue2,...,uo of arbitrary posi- 
tive parameters, one will determine the parallelohedron 
R with the help of independent inequalities 


ur (aon + > aie) > 0. (k= 1,2,...,¢) (1) 


We will see how all the problem of the study of primi- 
tive parallelohedra comes down to the appropriate choice 
of parameters U1,U2, ...,U¢- 
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Fundamental Theorem. One can determine the posi- 
tive values of parameters uji,U2,...,U¢g to a common fac- 
tor, such that by putting 

Qor => UkG0k; Ain — Uk Qik; (4 => 1;2,. ..,n;k = 2: 1150) 


one will determine the parallelohedron R with the help of 
inequalities 


ao, + >, 44,25 >0 (k= 1,2,...,0) (2) 


which enjoy the following property: all the vertices of the 
parallelohedron R will be determined by the equations pre- 
sented in the canonical form. 


One will call the inequalities (2) canonical. 


By conserving the previous notations, suppose that 
one had chosen the parameters wuj1,U2,...,Un in such a 
manner that the vertex (a;) is determined by the canon- 
ical equations 


ao, + >, 44,04 = 0. Cea De tah) 


Examine the equations which define a vertex (aix) 
(k= 1,2,...,n) of the parallelohedron R adjacent to the 
vertex (a;) by the edge P,(1). 


The vertex (ai,) satisfies n —1 equations 


aon + > aj,0i = 0. (R=1,2,...,n;h#&) (3) 


Designate by 
bor + Do bees =0 (4) 


the nt” equation which defines the vertex (aix). 


Determine the positive parameters v;,(h=1,2,...,n, 
h#k) and v, corresponding to the equations (3) and (4), 
which reduces to these equations in the canonical form: 


Vn(Gon + >, anv) =O. iS 1, 2. a tke) 
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vk (bor + S- bin i) =O: 


I argue that one can put 
vea=l. (h=1,2,...,n;h#k) 
To demonstrate this, examine the canonical equation 
which defines in the parallelohedron R,(h = 1,2,...,n; 


h#k) a face in n—1 dimensions common to the paral- 
lelohedra R, and R,z(r=1,2,...,n;3r#h,r#F,k). 


By virtue of the theorem of Number 19, this face will 
be determined within R; by the canonical equation 


S (ai, — a4,) (ti — a1) = 0. 
Besides, this same face will be determined in Rp, by 
virtue of the supposition made, by the canonical equa- 


tion 
So (wrat, —vpa',) (2; -—a;) = 0. 


It results in that 


Urpin — Uni, = 5(a;,—ai,), (#=1,2,...,n) 
and so 
Vr = é, Va, = é, 
thus 
Vp =vp,. (r=1,2,...,.n;r#kjr Fh) 
As the parameters v;,(h=1,2,...,n) are defined to a 


factor, one can put 

vp»=1, (h=1,2,...,n;h#k) 
and it only remains to determine the parameter v,; in or- 
der to define the vertex (a;,) by the canonical equations. 
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By applying the procedure explained to all the ver- 
tices of the parallelohedron R adjacent to the vertex (a;) 
and so on, one will successively determine the values of 
various parameters corresponding to all the inequalities 


(1). 


It can turn out that one determines for one inequal- 
ity the value of the corresponding parameter in various 
manners. I argue that all these values of the same pa- 
rameter coincide. 


The problem posed is extremely difficult. It is within 
this group of studies explained that is manifested their 
true geometrical characteristic, and one does not manage 
to master the difficulties which arise as a result with the 
help of geometrical methods. 


Set of simplexes corresponding to the various vertices 
of a primitive parallelohedron. 


We have seen in Number 4 that the various vertices 
of a parallelohedron R (aji1), (ai2),...,(Qis) correspond to 
the domains 

Ap. Ag et sicily (1) 


which uniformly fill the space in n dimensions. 


By conserving the previous notations, examine a do- 
main A which corresponds to the vertex (a;) of the par- 
allelohedron R. 


The domain A is composed of points determined by 
the equalities 


C= Sprain where px > 0. (k= 1,2,...,n) (2) 
k=1 


The domain A possesses n faces in n—1 dimensions 
which correspond to n edges P,(1),(k = 1,2,...,n) con- 
tiguous by the vertex (a;). 
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One will call the domain A simple. 


Extract from the domain A a simplex L by the solu- 
tion with the help of equalities 


Le S- OURURGik Where So oR <1 and 0, >0. 


k=1 


The simplex L possesses n+1 faces in n—1 dimensions 
which are opposite to n+ 1 vertices 


(0), (uiair), (u2ai2), re) (UnG@in), 
Examine the face of the simplex L which is opposite 


to the vertex (0). One can present the equation which 
defines this face in the form 


1-)° pins = 0. (3) 


It follows that one will have an inequality 
1- So pixi >0 


for any point of ZL which does not belong to the face 
examined. 


As the vertices of L: (uwraiz)(k = 1,2,...,n) satisfy 
the equation (3), one has 
1 
pian Cee 2 eat) (4) 
Uk 
thus 
S> piaix > 0. (k= 1; 2320557); 


By virtue of (2), one obtains the inequality 


¥ pis: >0 
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which holds for any point (z;) of the domain A, the ver- 
tex (0) being excluded. 


Examine in the same manner n domains Aj, Ago,..., 
A, which are contiguous to the domain A by faces in 
n—1 dimensions. 


One will take from the simple domain A, (k = 1,2, 
...,n) defined by the equalities 


Li= S> pnain + prbix where py >0 and p,>0, 


(h=1,2,...,n;h#k) 
a simplex L; composed of points 
Li = So Pnundin + Ox ved:x where S- On +x < 1, 0% > 0,0, >0 
(h=1,2,...,n;h#k) 


Designate by 


1 — So pine: =0 


the equation of the face of the simplex L, which is op- 
posite to the vertex (0). 
One will have the equalities 


1 
> Pinain = — (h=1,2,...,.n;h#k) 
Ub 


and 
1 


Pa ae 


k 


By virtue of equalities (4), one obtains 


nei) pe aden ek) 


It follows that 


So ines = Pees (5) 
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for any point (z;) belonging to the face common to do- 
mains A and Ax. 


By applying the procedure explained to the domains 
which are contiguous to the domains Aj, A2,...,A, and 
so on, one will extract from any domain of the set (1) a 
corresponding simplex. 


It can turn out that one extracts from the same do- 
main the corresponding simplex by various manners. I 
argue that all these simplexes coincide. 


It is clear that the problem stated does not differ 
from a formulation of the problem put forward in Num- 
ber 21. 


We shall show a new formulation of this problem. 


On a function defined by the set of simplexes corre- 
sponding to the various vertices of a primitive parallelo- 
hedron. 


Introduce within our study a function P(a1,22,..., 


Zn) of variables x21,2%2,...,%, by defining as follows. 
1. One will determine the function P(a1,22,...,2n) 
in the domain A by the formula 
nr 
Pra) (21, £2, shies , tn) = pes: 
i=l 
2. In the domains A, (k = 1,2,...,n) contiguous to 
the domain A by the faces in n—1 dimensions, one will 
determine the function P(21,22,...,27) by the formula 
nr 
Peas @utaet ea) = Pay, (k= 1,2,...,n) 
t=1 
Let 
AAA i AO) (1) 
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be a series of domains which are successively contiguous 
by the faces in n—1 dimensions. One will successively 
take from these domains the following simplexes. 


Peake Pe ee 


and one will determine the corresponding function. 
mr mr mr mr 
Di pies, Yo vies, Do pies... Do py as. 
i=1 t=1 t=1 i=1 


One will define the function P(21,22,...,%7) in the 
domains (1) by the formula 


nr 
PR AGiy (ig tagcncgeny = Yo pews: (k= 1,2,...,m) 
t=1 
Fundamental Theorem. The function P(21,22,...,2n) 


defined by the conditions 1, 2, and 3 is continuous and 
uniform in all the space in n dimensions. 


Observe that the fundamental introduced only give 
as a new formulation of the fundamental theorem of 
Number 20. 


Take an arbitrary closed contour C. By traversing 
the contour C, one can determine a series of domains 
successively contiguous by faces in n—1 dimensions in 
which belong the points of the contour C: 


OT OA ARPS onc, AY AND) OAT 8 


To demonstrate this, take a point (€;0) of the contour 
C and designate by Co a curve which is being traversed 
within a domain A) leaving from the initial point (Eio)- 
Suppose that the curve Co does not coincide with the 
contour C and designate by (€:1) the final point of the 
curve Co. 


Suppose that on leaving the point (€;) one got out of 
the domain A) and that one entered inside the domain 
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A’. Designate by C, a group of contour C which one has 
traversed in the domain A’ when leaving the point (&j1) 
and so on and so forth. Suppose that one had divided 
with the help of the procedure described the contour C 
into groups 

Co, C1,-++-, Cm, Co 


which belong to the domains 


BO At ANS oh AVE ALS: (2) 


It can turn out that two adjacent domains of this 
series A‘*) and A‘*+!) are not contiguous by a face in 
n-—1 dimensions. One inserts in this case between the 
domains A‘*) and A‘*+)) new domains of the solutions as 
follows: 


A point (€),441) which is the final point of the curve 
C;, and which gives the initial point of the curve C,41 be- 
longs, by virtue of the supposition made, to the domains 
A‘®) and A('+)). One concludes that the point (£441) is 
interior to a face Al®)(v) in v dimensions which is com- 
mon to the domains A‘*) and A(kt1), 


One can determine a parallelepiped K with the help 
of equalities 


Li = En nti t ui where | 24 <€, (4 = 1,2,...,n) 


of manner such that the points of the parallelepiped D 
do not belong to the domains of the series (1) (Number 
22) which are contiguous by the face A‘*)(v). 


Take with the parallelepiped K two points (x;,) and 
Li,n+1 which ae interior to the domain Al®) and Alk+) 
and take within the parallelepiped K a curve C(*) which 
joins the points (a;,) and (2j,~,41). One can choose this 
curve in such a manner that it does not pass beyond any 
face of domains (1) (Number 22) of which the number of 
dimension s is less than n—-1. 


Suppose that the curve C‘*) traverse the domain 
A) AL 6 A ALY), 
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By virtue of the supposition made, the domains ob- 
tained are successively contiguous by the faces in n—-1 
dimensions. All these domains are contiguous pairwisely 
by the face A‘*)(v). 


In the same manner, one will examine all the pairs 
of adjacent domains of the series (2) and one will form 
the series 

BO), AP cg AL AM) 


of domains successively contiguous by the faces in n—1 
dimensions to which belong all the points of the closed 
contour C given. 


This established, observe that the fundamental theo- 
rem introduced is true in the case where all the domains 
(2) are contiguous in at least one edge. 


In effect, suppose that one had successively taken 
away from the domains (2) the simplexes 


EEE Tl scr eet 3) (3) 


I argue that the simplex L‘"+) taken from the do- 
main A() coincide with the simplex L(). To demonstrate 
this, designate by 


Yow Me, = 5 > pi a:. (4) 


By virtue of the supposition made, the domains (2) 
are contiguous by at least one edge. Let (a;) be a point 
of this edge. 


As the domains A) and A’ are contiguous by a face 
in n—1 dimensions, one will have, as we have seen this 
in Number 23, an equality 


So ay = Pe (5) 


which holds for any point (z;) of thee face common to 
the domains A) and A’. 
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By making x2; = a;, one obtains 


Spa: = Y vias 


In the same manner, one will obtain 


Tras = Trlr =. Deas = Delmar. 


On the other hand, the identity (4) gives 


So pl a: =6 Spy a , 


and as ye ps ai > 0, then 6=1, therefore 


Temes = Dee: 
and the two simplexes L() and L‘™+) coincide. 


By virtue of the definition established, one will de- 
termine the function P(a1,...,27) in the domain A) by 
the formula 


P(A°)(@1, £2, He .)2n) => S~ pl0) ai 


by leaving the domain A) and by returning to within 
that domain after having traversed the path C. 


We will see that the general case can be brought back 
to the case examined. To this effect, suppose the projec- 
tion of any one contour C evaluated in relation to surface 
S is determined by the equation 


Soa? — i be 


By putting 


Pease P= 2 ai) (6) 


“sar 
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one will call the point (2) the projection of the point 
(z;) within the surface S. 


Designate by C’ a projection of this contour C. 


Suppose that by traversing the contour C’, one re- 
turns to the initial point (€5) with the same solution 
of the function P(21,...,2,) of which when leaving that 
point. I argue that one will return to the corresponding 
point €; of the contour C with the same solution of the 
function P(21,...,@n). 


To demonstrate this, it suffices to observe that the 
points (€;) and (€1), by virtue of equalities (6), belong 
to the same domains of the series (2). 


One concludes that it suffices to examine the differ- 
ent closed contours belonging to the surface S. 


Introduce in our study a function d(z;,z') being de- 
fined by the formula 


Aas, #4) = VY (@,- #1)? 


One will call distance between two points (z;) and 
(z',) the corresponding value of the function d(a;, 2/1). 


Lemma. One can determine a positive parameter 6 sat- 
isfying the following condition: every closed contour C 
belonging to the surface S will be situated in the domains 
which are contiguous by at least one edge, if the distance 
of all the point of the contour C, each of all to the rest, 
do not exceed the limit 6. 


Let (€;) be a point of the contour C belonging to the 
domain A. Put 


&: = D— praix where pr=O. (k=1,2,...,n) 
ka’ 
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By virtue of the equation 


> =1, 


the sum )°;_, px is not less than a positive fixed limit. 


re: >T. (7) 
k=1 


Suppose that the contour C is not situated entirely 
within the domain A. 


Let (€,) be a point of C which does not belong to the 
domain A. By putting 


nr 
E = Do pein: (8) 
k=1 
one will have among the numbers 9p}, p,...,pi, at least 


one negative number. 


Suppose, to fix an ideas, that 
pee Op Oi ps0 (9) 
and that 
Pie <O5 0) es SO seep icX' 0: (10) 
After the supposition made, one has the inequality 


One can choose the parameter 6, of such a manner 
that one had the inequalities 


IP, — PRI <€, (kK=1,2,...,n) (11) 


e being a positive parameter also small as one would 
wish. 


By (10), one obtains 
O<pr<e,-e<p, <0. (K=u+1;+2,...,n) (12) 
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Choose among the numbers 01,/)2,...,;pn the one 
which is the largest. By virtue of the inequality (7), 
this number can not be less than 5. By supposing that 

T 

e<—, 

n 


one will find the number looked for among the numbers 
P1, P2)-+-,Py. Suppose, to fix the ideas, that 


Bee 
pi>-. 


the inequality (11) gives 


es 
pi > ae. (13) 


This posed, suppose that the point (€,) belonged to 
the domain A’ and put 


= So urais where uz, > 0. (kK=1,2,...,n) (14) 
k=1 


Designate by (a;) and a’, two vertices of the parallelo- 
hedron R corresponding to domains A and A’ by defining 
them by the equations 


aon + > ainws = 0, (k=1,2,...,n) 
and by the equations 


aon + > ai,v5 = 0. (hj 1, 2yay eg) (15) 


By virtue of equality (8) and (14), one obtains an 
identity 


mr 


Pot >, pe (aoe + > ainws) = D> ue(aon + > ai,e1). (16) 
k=1 


k=1 


By making in this identity x, = a;, one finds 


Po = > UK (aon + >, ap,0%) > O. (17) 
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By making in the identity (16) z; = a‘, it will become 
Pot >, p,(aor + > aixa,) = 0. (18) 
k=1 


Suppose that 
@oi+ So aia, > 0. 


By virtue of (7), (12), (13) and (17), one will have 


Be 
Po + 2, Pe (ak + So aina}) > (< —€)(a01 + >) a4104), 


> Px (Aor + S> ain’) 2S S- (aon + Ss) ain), 


k=pt+1 k=p41 


and the equality (18) gives 


e 
7 (aor + > aire) < 


e}aoit Dranai,+ S) (aon t+ do ainay)}. (19) 


k=p+1 


Designate 


i 
A= 7 601 + So aire) and B= 


an+ > anai+ S> (aon t+ > aixas), 
k=p4+1 
one will have 
A>0O and B>O, 
and as a result 


A 
=. 2 
er B ( 0) 


One could determine the ratio 4 correspondent to 
the different vertices of the parallelohedron R. Designate 
by w the smallest of these ratios which is not zero. The 


parameter ¢« being arbitrary, one can suppose that 


e<w. 
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The inequality (20) becomes impossible, it is there- 
fore necessary that A=0 or [to put it] differently 


t 
@oi + 5 aya, —O0. 


By virtue of the equality obtained, the coefficients 
of the equation 


@oi + So avi =O 


are proportional to those of an equation which is among 
the equations (15). 


By putting 
@o1 + So aia; = u(ao, + So ain) where u>0O, 


one will have 


We have arrived at the following result: all the do- 
main traversed by the contour C examined are contigu- 
ous by at least one edge which is characterised by the 
point (a@j1). 


We are now in the state of reaching the demonstra- 
tion of the fundamental theorem announced. 


Let C be any contour belonging to the surface S. 
Suppose that on leaving the point (€;) one passes via 


the points (€0), (€4), (€%) and one returns to the point 
(&i)- 


The path around the contour C can be replaced by 
the paths C( and C’. 


The contour C() will be composed of a group (€;) — 
(¢6) of C, of the vector (es? 6" and of a group (€6) - 
(€.) — (€) of the contour C and of the vector [ gO, 
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Suppose that by traversing the paths C) and C’ one 
uniformly defined the function P(21,22,...,@,). In this 
case the trajectory by the group (€0)—(€) of the contour 
C can be replace by the path the length of the vector 


(eet: 


By replacing the group (€0) —(€1) —(E!) of the contour 
C by the vector [e6, ev], one will transform the contour 
C to C), thus, by traversing the contour C, one will 
return to the point (§;), by virtue of suppositions made, 
with the same solution of the function P(21,22,...,2n). 


Two contours C() and C’ can be examined in the 
same manner and so on. 


Suppose that one had determined the contours 
Ci,Ce2,...,Cm (21) 


which replace the path C. By supposing that the func- 
tion P(a@1,22, ...,£,) be uniform the length of contour 
(21), one will demonstrate that it will be uniform the 
length of the contour C given. 


This established, observe that we can always choose 
the contours (21), of such a manner that their contours 
satisfy the conditions of the lemma of the previous Num- 
ber. In this case, any contour (21) will be situated with- 
in domains which are contiguous by at least one edge. 
We have seen in Number 25 that by traversing the same 
contours one will always return to the point of departure 
by the same solution of the function P(21,22,...,@n) as 
while leaving this point. It is thus demonstrated that 
any closed contour C possesses the same property. 


We have demonstrated that the function P(21,22,..., 
Ln) is uniformly defined in any domain of the set (1) 
(Number 22). It remains to demonstrate that the func- 
tion P(21,%2,...,;%7) is well defined in any point of the 
space in n dimensions. 


Suppose that a point €; belongs to two domains A 
and A(®, 
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I argue that the function P(21,22,...,¢%,) for the 
point €; will have one same value in the domain A and 
in the domain A). 


To demonstrate this, one will form a series of do- 
mains 


Ap AT ol. SA), A) 


which are successively contiguous by faces in n—-1 di- 
mensions and in which belongs the point &;. 


As the point €; belongs to the face common to do- 
mains A and A’, one will have ,by virtue of the formula 
(5) of Number 23, 


Pray (€45 §25005.5Ea) = Prat) (15 €2) + -&n)- 


In the same manner, one obtains 


Pcary(§1) §2; SG -€n) = Prary (€1; €2; tae pén)5 


Pratmy) (1; €2) +++) €n) = Pray (€1; €2,---,€n)- 


It results in that 


Pray (€1) €2; sone »§n) = Pram) (€1, €2; se En): 


The fundamental theorem announced is thus demon- 
strated. 


Canonical form of inequalities which define the set (R) 
of primitive parallelohedron S. 


Choose within the set (R) of primitive parallelohe- 
dra any parallelohedron Ro . Suppose that the paral- 
lelohedron Ro is determined with the help of canonical 
inequalities 


Gor +>. ainws > O. (k=1,2,...,¢0) 
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Observe that we can replace these inequalities by the 
following canonical inequalities: 


u(aonr + >. ainxi) > 0, (k= 1,2,...,0) 


wu being a positive arbitrary parameter. 


Designate by Ry (k = 1,2,...,0) the parallelohedron 
which is contiguous to the parallelohedron Ro by the face 
determined within Ro by the equation 


aor + > ane; = 0 (1) 


and suppose that the vector [A;,] defined a translation 
of the parallelohedron R, to Ro. 


It follows that the parallelohedron R,;will be deter- 
mined by the canonical inequalities 


aon + >, ain(wi + Aix) 20; (Wes 1,.2,54250) 
or by the canonical inequalities 
urlaon + >. ain(ei + Aiz)] > 0, (R= 1,2,...,0) (2) 


uz, being an arbitrary positive parameter. 


The face Py, in n—1 dimensions common to the paral- 
lelohedra R and R, is defined in the parallelohedron Rog 
by the equation (1). Within the parallelohedron Rx, the 
face P, will be determined by an equation in which the 
coefficients are proportional to those of the equation 


—aon— > aine; = 0. 


One can choose the positive parameter uz, of a man- 
ner such that one had the identity 


—aok — >, ine; = Ue(Gon + >_ ain(wi + Aik))- 


In this case, the inequality 
—aorn — > ainsi > 0 
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is found among the inequalities (2) which define the par- 
allelohedron Rx. 


One will say that these inequalities are represented 
in the canonical form. 


Observe an important property of canonical inequal- 
ities which define the parallelohedra Ro, Ri, Ro,..., Ro. 


Let (a;) be a vertex of the parallelohedron Ro deter- 
mined by the canonical equations 


aon + > anes = 0. (k= 1,2,...,n) (3) 


Examine the canonical equations which define the 
vertex (a;) in the parallelohedron R,(k =1,2,...,n). 


The equations (3) being canonical, one will deter- 
mine the vertex (a;) within the parallelohedron R,, by 
virtue of the theorem of Number 19, by the equation 


(eine) (ei a) =H 0, (h=1,2,....n, AFR) 
—\o ain (ai -— a4) = 0 (k= 1,2,...,n) 


By virtue of the supposition made, the inequality 


— So aix (wi — ai) > 0 
exists among the canonical inequalities (2) which define 
the parallelohedron R,;, which results in that the inequal- 
ities 
S" (ain — ain) (wi -— a4) > 0, (h=1,2,...,n,h#k) 


also exist among the canonical inequalities (2). 


One concludes that the canonical equation 


So (ain — ain) (2; —a;) =O 
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define in the parallelohedron R,; a face in n—1 dimensions 
which is common to the parallelohedra Ry, and R,z. the 
same face will be determined in the parallelohedron Rj, 
by a canonical equation 


> (ix - ain) (wi — a1) = 0. 


by applying the procedure explained, one can deter- 
mine the canonical inequalities which define the paral- 
lelohedra contiguous to the parallelohedra R,, Ro,..., Ro 
and so on. 


For every parallelohedron R of the set (R), one can 
form a series of parallelohedra 


Ro, R', Re; sre p89. RO, R 


which are successively contiguous. One will determine 
successively the canonical inequalities that define the 
parallelohedra of this series. 


One could arrive at the parallelohedron R by other 
ways and determine the canonical inequalities which de- 
fine the parallelohedron R in various manners. 


We shall se that the canonical inequalities which de- 
fine a parallelohedron of the set (R) do not depend on 
the path by which one arrives at the parallelohedron (R) 
leaving from the principal parallelohedron Ro. 


Generatriz function of the set (R) of primitive paral- 
lelohedra. 


Consider a set (R) of primitive parallelohedra. Sup- 
pose any parallelohedron R of the set (R) be charac- 
terised by a vector [A;] which defines a translation of 
parallelohedra R to a principal parallelohedron Ro. 


Designate by G the group of vectors [A;] which cor- 
respond to the different parallelohedra of the set (R). 
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Introduce in our study a function 
V (£1, £2,+++52n;A1,A2,+++,An) 


of variables 21,%2,...,%n and parameters 1, A2,...,An by 
defining it within the space in n dimensions and for the 
group G such that: 


1. Within the principal parallelohedron Ro, one will 
write 
V (@1,22,...,2n,0,0,...,0,) = 0. 


2. Within the parallelohedron Rx, which is contiguous 
to Ro, one will write 


V (1, 02,---,20n,A1k, A2k) +++) Ank = Gor + 5 QinLis 


(k=1,2,...,¢0) 
providing that in the parallelohedron Ro the canonical 
equation 


GQor + So ina: =0 
had the face in n—1 dimensions common to the paral- 


lelohedra Ro and Rx. 


3. By supposing that the parallelohedra R and R' 
characterised by the vectors [A;] and A, are contiguous 
by a face in n—1 dimensions which is defined within R 
by a canonical equation 


ao + So aces = 0, 
one will write 


V (£1, £2,--+, En A1y', AQ, AR) = 
V (1, 2,--+, Ln, A1, A2,--+,An) + a0 + yiaee 


Let R be any parallelohedron of the set (R) charac- 
terised by a vector [A;]. One will form a series of paral- 
lelohedra. 

Ro, R’,...,R°%,R 
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which are successively contiguous by faces in n-—1 di- 
mensions. Designate by 


a) + Soa x; =0 


the equation of the faces common to the parallelohedra 
Ro and R’' and defined in Ro; designate by 


aot > aja; =0 


the equation of the face common to the parallelohedra 
R’ and R" defined in R’ and so on. 


By applying the definition established, one will de- 
termine the function 


V (41,22, 7s +>2n,A1,A2; oe Age) 


by the formula 


V (81, L2,-++5En,A1, A2,+++,An) = > Gy +> al") x;). 
k=0 


Fundamental theorem. The function V(21,@2,...,2n; 
Ai,A2,--+, An) ts well defined for any vector [ri] of the 
group G. 


Suppose that one had formed a series of parallelohe- 
dra 
Fede it sacs) oe (1) 


which are successively contiguous. On leaving the paral- 
lelohedron R with any solution of the function V (a1, zo, 

+)2n,A1,A2,-++;An), One will return inside the paral- 
lelohedron R after having traversed the parallelohedra 
(1) with a solution of the function V(a@1,22,...,2n,A1,A2; 
...,An) which, by virtue of the definition established, is 
expressed by the vertex 


V (@1, ©2,--+52n,A1,A2,+++,An) + S~ (ag”? + Sal") x4). 
k=0 
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We shall demonstrate that one will always have 


3 (al + ral e,) =o. 
k=0 


Examine, in the first place, the case where all the 
parallelohedra (1) are contiguous by at least one vertex 
(a;). By virtue of Theorem II of Number 17, all the 
primitive parallelohedra (1) will be in this case contigu- 
ous one to one through faces in n—1 dimensions. 


Designate by 
Gor + > aix(ai—4)=0, (K=1,2,...,m) 


the canonical equation of the face common to the paral- 
lelohedra R“) and R(k =1,2,...,m) defined within the 
parallelohedron R. 


We have seen in Number 30 that the canonical equa- 
tion of the face common to the parallelohedra R’ and R" 
and defined within R’ will be 

So (aia — ai1)(2;-—a;) = 0 
and so on and so forth. One obtains the formulae 
ag? + >> ala; = Sais (ai - a4), 
aot > an, = So (ai2 — aii) (vi -— 3), 


ag) + Yay) 2s = D0 (aim — a4,m—1) (#1 — a4); 
2h" + Dalai = -Y aim(as~ 0) 


and it follows that 
S- (a? + >> af x;) = 0. 
k=0 
35 


We shall see that the general case can be brought 
back to the case examined. 
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Theorem. One can determine a positive parameter 6, 
in a manner that every closed contour C is found within 
the parallelohedra which are contiguous by at least one 
vertex, providing that the distance between any two points 
of the contour C does not exceed the limit 6. 


Observe, in the first place, that the distance between 
the points (€;) and (€,) belonging to the two parallelohe- 
dra which are not contiguous can not be less than a fixed 
limit. To demonstrate this, suppose that the point (&;) 
belong to the parallelohedron R defined with the help of 
inequalities 


Gor + >. anes > O. (k=1,2,...,c0) 


Designate by Ri, Ro,...,Ro the parallelohedra which 
are contiguous to R and examine the set K of points 
belonging to the parallelohedra Ri, Ro,..., Reo. 


Designate by 


(ain), (ai2), a) (ais) 


the vertices of parallelohedron R and designate by 
(an er ee): (Malye ame) 


the vertices of parallelohedron R,z(h=1,2,...,¢). 


By virtue of the supposition made, one will have the 
inequalities 


aon + S-ainas? <0, (ho= 1525.22, 83h = 1,2). po): 


Designate by p the smallest numerical value of ver- 
tices 


aon + Sainasy? (kK=1,2,...,s;h=1,2,...,0) 


which does not become zero. By virtue of supposition 
made, one will have the inequality 


pt+aon + Saino <0, 
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on condition that 

G@on + Sains?) <0, 
where (k=1,2,...,8, h=1,2,...,0). 


This established, take any point (€,) which does not 
belong to the set K. Examine the points of a vector 


[€:,€,]. By putting 
vi =€,+u(€,;-€:) where 0O<u<l, 


let us think the parameter wu of a continuous manner 
within the interval 0 <u<1. One will determine a point 


€(° = €; + uo(€, -€1) where 0< uo <1 (2) 
which belongs to the boundary of the set K, that is 
to say to a face in n—1 dimensions of parallelohedra 


Ri, Ro,...,R, and which also belongs to another paral- 
lelohedron R’. 


Suppose that the point (€() belongs to the paral- 
lelohedron R;,. The parallelohedra R;, and R’' will be 
contiguous by a face in n—1 dimensions. 


Designate by 


(QP (a eta) (3) 


the vertices of parallelohedron Rp, which belong to this 
face. 


None of these vertices verifies the equation 


aon + > Gina; = 0 


because otherwise the face examined would belong to 
two parallelohedron of the series R, Ri,...,R,, which is 
contrary to the hypothesis. 


Therefore one will have the inequalities 
p+aon t+ >> ainas?) 0. SCR) 2 as. hb) 
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The point (€0) belonging to the face of R;, which is 
characterised by the vertices (3), probably determined 
by the equations 


k=t k=t 
e() = S- Bpas” where Sy 0, =1 and 0, >0. 
k=1 k=1 


Of the previous inequalities, one draws 


pt+aon+ > aingy” <0. 


By observing that on the other hand one has 
aon + > ainsi > 0, (4) 


one finds, by (2), 


ptaon+ >) ain’; <0. (5) 


By virtue of inequalities (4) and (5), the distance 
d(€;,€,) can not be smaller than a fixed limit d. 


Solution of the centre of the primitive parallelohedra 
36 


This established, examine a contour C formed which 
the points had the mutual distance that does not surpass 
6. By supposing that 


5<d, 


one will have a contour C which is situated within the 
contiguous parallelohedra two to two. [one to one] 


Let €; be any point of the contour C belonging to 
the parallelohedron R. Suppose that not all the points 
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of contour C belong to R and designate by €) a point of 
contour C which does not belong to R. Put 


&;3 = S> Pn aik where So oR = 1 and Ok > O, (k => 1,2,.. .,8) 
k=1 
(6) 


C= So 8.8K where Soo, al (7) 
k=1 


As the point (€,) does not belong to R, one will have 


among the numbers 1, 05,...,0, at least one number 


which will be negative. Suppose, to fix the ideas, that 
07.200) .825 0, 0 atid 7) ay One 0 (8) 


One can choose the parameter 6 as small that one 
would have the inequalities 


|9;, — On| <e€, (k =1,2,...,8) (9) 


e being a positive parameter also as small as one would 
like. By virtue of (8), it will become 


O< 0, <€,--<0%,<0. (K=pt+l,...,8) (10) 


Observe how the largest one among the numbers 1, 


02,...,9, can not be smaller than + by (6) by supposing 
that 
1 
en, 
Ss 
one wil find the required number among the number 
01, 02,...,0, . Suppose, for fixing ideas, that 
1 
v,>-. 
Ss 


By virtue of (9), it will become 
; 1 
OH > se (11) 
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We have demonstrated that the point (€,) can not 
belong to these parallelohedra R,, Ro,...,R, which are 
contiguous to R. By supposing that the point (&/) belong 
to the parallelohedron R;,, one will have an equality 


aon + >> ain€; < 0 (12) 


Observing that by virtue of equations (7) 
s 
aon + Yo ain€, = SO, (aon + > ainain), 
k=1 
one obtains, because of (12), 


S59 (aon + >, ainain) <0 
k=1 


Of this inequality one draws, by (10) and (11), 


1 s 
5 (on Dini) —€ Gon > ino + x (aon + > ainaix) 


k=pt+1 


<0. 


By putting 
Li ) 
A=-—(a Qin 
3g \U0n noi 


and 


B=aon + So ain + yi (@on + > ainair): 


k=p+1 


suppose that A > 0; the previous inequality gives B > 0, 
thus 

> es (13) 

aes 


Observe that the numbers A and B do not change 
when one replace the parallelohedron by any parallelo- 
hedron of the set (R). One concludes that the ratio 4 


which does not vanish possess a positive minimum w. 
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By supposing that 
Ee<w, 


the inequality (13) becomes impossible and it is neces- 
sary that A=O or otherwise 


aon t+ >- ainais = 0 


We have arrived at the following result: all the paral- 
lelohedra within which is situated the contour examined 
C are contiguous by the vertex (aj1). 


With the help of the lemma of Number 35, one will 
easily demonstrate the fundamental theorem stated by 
repeating the reasoning explained in Number 28. 


Fundamental properties of the generatrix function 
V (21,22, s++y) Bny Ai) A2; sey An) 


Theorem I. Suppose that two vectors [Ai] and [rl 
characterise two parallelohedra R and R\) of the set (R). 
One will have an inequality 
V (@1,22,- $ ->2n,A1,A2,- : -,An) > 
V (x, Z2, NeprSD! Ln, ae Xe eee) ai?) ? 
on condition that the point (x;) be interior to the paral- 


lelohedron R ©). 


Let(€(°) be any point which is interior to the paral- 
lelohedron RR), 


Take a point (€;) which is interior to the parallelohe- 
dron R and examine a vector (60, €4] determined by the 


equations 


a = 0 4u(e,—€0) where O<u<1. 
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A group of the vector [el €5] belong to the paral- 
lelohedron R®°. Designate, 


= e() + ui(& agi) where O<u<l 


and suppose that the vector [e6, €4] represents the group 
of the vector [€$,€;] which belong to R). 


The second group [€;,&] of the vector (ee. é:] does 
not possess any point (€,) common to the parallelohe- 
dron R®)., The point (€,) belongs to a face p((v) of the 
parallelohedron R®). One will choose among the par- 
allelohedra which are contiguous by the face p\(v) a 
parallelohedron R’ which contains a group of the vector 


[€;, €:]. 
Designate 
é! = &, + ua(& —€) where ui <u2<1 
and suppose that the vector [€,,€/] represents a group of 


the vector [€,,€;] which belongs to the parallelohedron R’ 
and so on. 


Let us suppose that one has determined m points of 
the vector (es, 4] 


ge Sey ines es) eS 1, jens) (1) 

where 
O<u1 <U2<---< Um <1 (2) 
which correspond to the vectors fee esl: ate sea era 


[eh™ | €5] belonging to the parallelohedra 
R® R,...,R°"-) R 
successively contiguous. 
Designate by 
ag?) + Sale, = 0, (k= 0,1,2,..2,m-1) 
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the canonical equation of the face common to the par- 
allelohedra R‘) and R‘*+) which is defined within the 
parallelohedron R‘*). 


By virtue of the established definition in Number 32, 
one will have a formula 


V (@1,@2,---,;2n,A1,A2,---,An) = 
Vv Prensa as idee) + (3) 


m3 (af? + Lae, 


Examine the sum 


a) +5° a(*) ¢(0) and af +5° ale, (k =0,1,2,...,m-1) 


By virtue of the supposition made, the point (ERY) 
verifies the equation 


of + Dales? =o 


As the point (€*)) belongs to the parallelohedron 
R‘®), one will have an inequality 


ab) 4 rae >0. 


By virtue of (1) and (2), one obtains 
a) + wave >0O and af* + So af €; <0. 
(k =0,1,2,...,m-—1) 


As the point (€6) is interior to the parallelohedron 
R©), we will have 


al) ai See >0O and a?) + yale; <0, 


It results in that 
m-1 m-1 
Y (6? + Vale) > 0 and S> (ag? + Vale.) <0. 
k=0 k=0 
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By substituting in the formula (3), one obtains 


VE, €®,. . sp CAO) Nas ay . ->An) > 
Vr oer pee e a ete) 


and 
V (€1, €2,- ele »€nyA1,A25- . »yAn) < 


V (€1, €2; cae oar le eee os fy AO) . 


Theorem II. Suppose that the parallelohedra R), R’, 
...,R”) be contiguous by a face p(v) in v dimensions. 
By designating by ae); (k = 0,1,2,...,n—v) the vectors 
which characterise these parallelohedra, one will have an 
inequality 


V (@1,22,-++,2n,A1,A2,--+,An) > 


V (@1,22,.. Pe Pere Cele ae = gene es 


on condition that the point (x;) be interior to a face p(v) 


and that the vector [Ai] is not among the vectors eek 
(kK =1,2,...,(n-v)). 


By supposing that A; = Am, one will have the equa- 


tion 
V (21,22, re ey se te ee) = 
V (21,22, seey Eny Roe a: seh Ce ROY. 


(R= 1,3;.".,(n-v)) 


One will easily demonstrate the announced Theorem 
II by repeating the reasonings which have been estab- 
lished previously. 


The results obtained open a new way for the re- 
searches concerning the primitive parallelohedra. One 
can consider the set (R) of primitive parallelohedra un- 
der a new point of view, in knowing: 


Each parallelohedron R\) of the set (R) characterised 
by the vector [rvs] presents a set of points (x;) verifying 
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the inequality V(aji,@0, ...,@n,A1,A2,---,An) > V(2i, £2, 
POO ee Vi Sa eee Ot for any vector [r;] belonging to 
group G. 


We have seen in Number 32 that for the principal 
parallelohedron Ro of the set (R) one has 


V (ai, 22,...,0n,0,0,...,0) =0. 


It follows that the principal parallelohedron Rog is de- 
fined by the inequality 
V (2i,22,. 2.) 2n,A1,A2,- ap An) >0 


which holds for any vector [A;] of group G. 


Solution of the quadratic function V(aji,@2,...,2n, 
A1,A2,- * -yAn) 


Suppose that the principal parallelohedron Ro is de- 
termined with the help of canonical inequalities 


Gor + >. aint; > O. (k= 1,2,...,¢0) 


Designate by [A;,] the vector which defines a trans- 
lation of the parallelohedron R, to Ro(k=1,2,...,0). 


Take two parallelohedra R;, and Ro contiguous to the 
parallelohedron Ryo through the faces Py, and P, which 
are not parallel. Put 


A= AK + Ain 


and designate by R the parallelohedron of the set (R) 
characterised by the vector [A,]. 


The parallelohedron R is contiguous to the parallelo- 
hedra Ry, and R,, through the faces which are congruent 
to the faces Py, and Px. 
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One can thus form the series 
Ro, Ry, R and Ro, Rz,R 


of parallelohedra which are successively contiguous. 


Let us suppose that the parallelohedron Rx is deter- 
mined with the help of canonical equations 


url@or + >. air(tit Asw)]>0. (r=1,2,...,0) 
The face of the parallelohedron Rx, which is congru- 
ent to the face P, will be determined by the equation 
ur[@on + anes + rAix)] = 0. 


It results in that the function V(a@;j,Z2,...,2n,A1,A2; 
...,An) is expressed by the sum 


V (@4, £2). +)Ln,A1,A2)- ney) — 


aor + >. ainvi + Ur [eon + So ain(wi + Aix)| - 


In the same manner, one obtains 


V (4, Bayo +) 2n,A1,A2;- ages) = 


@on+ > ines + un [oor +> Qin(Li t+ Ain)| - 


By virtue of the fundamental theorem of Number 34, 
one will have an identity 


aor + >) ainvitun [eon + So ain(wit Ai) = 
Gon + So ines + un [eox + >}, eile: + Ain). 


It follows that 
Gor + Ux(@on +) aindAiw) = Gon + Un(Gor + Do ainrAin) (1) 
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and 
Qik + URQin = Qin tUnaiz. (4 =1,2,...,7) 
We have supposed that the coefficients a;, and ain, 
(4 = 1,2,...,n) would not be proportional , thus it is 


necessary that 
Up, =1 and uz,=1 


We have arrived at the following important result: 


it Any parallelohedron R characterised by a vector 
[Ai] will be determined by the canonical inequalities 


aor + >, ain (ai + ri) > O. (k=1,2,...,0) 


Observe that by virtue of (1), one will have the equa- 
tion 
aie din = D> Genre: 


In this equation, one can attribute to the indices k 
and h the values Kk=1,2,...,0;h=1,2,...,0. 


Theorem. The vectors 
[Aa], [Ai], Ce) [Aico] 


form the basis of the group G. By posing 


oO 
A= y, lRAik (2) 
k=1 
where li,la,...,le are arbitrary integers, one will deter- 


mine each vector [AG] of the group G. By indicating 
ap= >, Lagan: (3) 
k=1 
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one will define the function V (a1, @2,..+,;2n,A1,A2,+++;An) 
by the formula 


V (£1, £2)-++52n,A1,A2,+--,An) = 


o nr nr n 
So te(aor— 5 Do ain dix + So ainvs) + 5 aids “ 
k=1 t=1 #=1 #=1 


Let us suppose that the formula (4) is verified by the 
vectors [rvs] and [AX] which are defined by the equations 


Tr 


nr 
n(0) = a POR and AL = > ries GSI, 2ekeyn) 05) 
k=1 k=1 


We will see that the formula (1) will also be true for 
the vector [A;] determined by the equations 
Sa EN 
Let us indicate by R,R) and R’ the parallelohedra 


characterised by the vectors [Aj], [rs] and [Aj]. 


The parallelohedron R®) will be determined by the 
canonical inequalities 


aor + ~ ain (xi + Af”) > 0. (k=1,2,...,0) 


One concludes that the function V(21,@o,...,2n, 
A1,A2,.-.,An) is expressed by the formula 
V (21, £2)+++5En;A1,A2;++-+,An) = 
V (ia yed op BAe Ge ee PE (6) 
U (21, @2,.--,2n,A',AQ,- - + AL), 
Where the function U(21,2%2,...,%n,%',A5,..-,A1,) repre- 


sents the generatrix function determined with the con- 
dition that the parallelohedron R\) have been chosen for 
the principal parallelohedron. 
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By designating 
al? = pe herr and a= yan (¢@=1,2,...,n) (7) 
k=1 k=1 


one will have, by virtue of the supposition made, 


a oe en a a ae 4) eames Oe 
agli lege 2 Gali Senet ea OA, 


U (a1, 02,..-,2n,rN,A5,---,M,) = 
Rails (aor + Yair? -—£Y aiersw - Y ainei) + 5D ajar. 
Let us put 


=U 4K. (k= 1,2,...,0) 


By virtue of (6) one obtains 


V (#15 Way. +s @ny At Aas. ++) An J= 
Vile (Gok — Fo AikAiw + Yo ainvi) + (8) 
sae Ay” + Ly alr! oe Doge ee aint, dr. 


Let us examine the sum 


sya (Ory Ae? a a a: xe + - seat r%, (9) 


k=1i=1 


By virtue of (5), one will have 


Yoaed’ a => So aig 


h=1i=1 


We have seen in Number 39 that 


3 Qik Nin = = a QinArik, 


t=1 
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therefore 


Ya pra = Sore nto ) Nak 


h=1i=1 


and, because of (7), this becomes 


n n 
»: aa? => » as”) rip. 


i=1 4=1 


It follows that 


3 3 ail AL? = So al? Ay 


k=1i=1 


By virtue of (7), one will also have 


py Smal r= ye ee 


=1i=1 


One can therefore present the sum (9) under the form 


sy (0) (0) aise 54 els aie ‘ ait NO) 
k=1i=1 
= 5 (Dalat Dalai + Daal + Yairi) 
1 


=F (al +a aM +i). 


As 
a 4+ af =a, and $9 4M =X, 
the formula (8) can be written 


V (@1,02,---,;2n,A1,A2;---,An) = 


dah («ox = 5 iain din oh Danes) Te 5 aX. 


It is easy to verify the formula (4) in the case 
A= tA. (kK =1,2,...,0) 


This results in that the formula (4) holds for any 
vector [A,;] belonging to the group G. 
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Theorem II. The group G possesses a basis formed of 
n vector 
[wi], [wi2], Rar ag [Tin]. 


By putting 
AGS > lettin (11) 
k=1 


where [,,l2,...,l, are arbitrary integers, one will deter- 
mine each vector [A;] of the group G. By indicating 


Tr 
V (@1,%2,---,2n,%1,72,---,7n) = Por + y DiXi, 


t=1 


(k =1,2,...,n) 
and 


a= S- lkPik, (12) 
k=1 


one will have the formula 
V (#1, 22, -++y70n;, A1, A2; a ., An) = 


2h (ro a Z 2 Pinmin + pues) + Bee 


t=1 


One will easily demonstrate Theorem II introduced 
with the help of the formula (4). 


Let us notice that the sum )\a;A; presents, by virtue 


of equation (11) and (12), a quadratic form of integer 
variables Ij, la,.-.-,ln 


Taa=P 
k=1 


where one has put 


Agnlgln, 


iMe: 


h=1 


1S 1S 
Agn = 5 LL Pin Tin oe 5 LL Pin tins 
4=1 t=1 
(k=1,2,...,n;h=1,2,...,n) 


We will see that the quadratic form )>>> Agnlgln ob- 
tained is positive. 
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Theorem I. Any primitive parallelohedron possesses a 
centre. 


Designate by (¢;) the point satisfying the equations 


1 Tr mr 
Por 5) PikTik + Y PinGi = 0 (k= 1,2,...,n) (1) 


i=1 4t=1 


I say that the point (¢;) represents the centre of the 
principal parallelohedron Ro 


To demonstrate this, put 


n 
Ain = ea (h=1,2,...,0) 
k=1 


By virtue of Theorem II of Number 40, one obtains 


V (21, L2Q,+++y> Ens Ata» A2n3 cee | Anh) = 
ae) (por — $ Pik Tin + Do vinwi) + 
pee (pitt a ea Pint) Ain 


On the other hand, by virtue of the definition estab- 
lished in Number 32, one has 


V (21, £2,+++5 En, Ah, A2h +++) Anh) = aon + ) Aink; 


It follows that 


Gin OL iiey OES A 2 ee) (2) 
k=1 
and i 
aon = ile (pok = > DikTik) + (3) 
5 > GinAin (h => 1,2,...,0) 


Multiply the equation (1) by (i)) and by attributing 
to the index k the values 1,2,...,n, add the equations 
obtained, it becomes, by (2) and (3), 

1 
don 5 @inrin + D ainGi = 0(h =1,2,...,0) (4) 
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That posed, take any one point (z;) belonging to the 
parallelohedron Ro . 


For the point (¢;) to be the centre of the parallelo- 


hedron Ro, it is necessary and sufficient that the point 
(x',) determined by the equations 


vl = 26, -Ai, @=1,2,...,n) (5) 
also belongs to the parallelohedron Ro . 


By virtue of the supposition made, one will have the 
inequalities 


aon + > aina > 0. (h=1,2,...,0) (6) 


By noticing that by (4) and (5) 
aon + >. aine', = —Gon — >— ain (wi — Ain) 
and that the inequality 
—aon — >, ain(2i — Ain) > O 
is found among the inequalities (6), one obtains 
Qon+ > ainv,>0. (h=1,2,...,0) 

It is therefore demonstrated that the point (€;) rep- 

resents the centre of the parallelohedron Ro. 


Let us notice that the centre (€;) is interior to the 
parallelohedron Ro. 


To demonstrate this, let us suppose that a point (z;) 
is interior to the parallelohedron Ro. 


One will have the inequalities 
aon + >. ainvi > O. (h=1,2,...,0) 
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Among these inequalities can be found the inequali- 
ties 


—aon — >- ain (2s — Ain) >0. (h=1,2,...,¢) 


By taking the summation of these inequalities, one 
obtains 
Sainte Os: HDS 56) 


and, because of the equation (4), it becomes 


aon + >. ainki > O. (h = 1,2,...,0) 


Theorem II. The quadratic form 


Sah + piolaot...+Dinln) (mili + Tiale +... + Tinln) 


t=1 


Apply Theorem I of Number 37 to the centre (¢) 
of the principal parallelohedron Ro, one will have the 
inequality 


V (C15 G2, - +25 On, A1,A2,+++,An) > 0, (7) 
whatever the vector [\;] of the group G may be, the vec- 


tor [0] being excluded. 


By virtue of Theorem II of Number 40 and, [by virt- 
ue] of the equation (1), it becomes 


P(C1, Ca, - . »> On, A1;,A2; wate »>An) — 
aD (pali +... + dinln) (mals +... + tinlan) 


and, from (7), one finds 


Dd (piala + piala +... + pinln) (rials + male +... + Tinln) 
>0 


The inequality obtained holds, whatever the integer 
values of the variable 1,,l2,...,l, may be, the system I, = 
0,l2=0,...,l,n =O being excluded. 
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Continuous group of the linear transformations of the 
primitive parallelohedra 


Applying a linear transformation of the principal 
primitive parallelohedron Ry with the help of a substi- 
tution 


nm 
2i=aot > aire, (¢=1,2,...,n) 
k=1 


with any real coefficients and of the determinant which 
does not vanish. 


One obtains a new primitive parallelohedron R’ 
which will be determined with the help of the canoni- 
cal inequalities 


nr 
aon + dan x, > O, CRS Vg Bees Or) 


k=1 
where one has put 
nr nr 
! S ! = 1 
Gon = Gon + )_Ain@ios Aen = Qin Qik (1) 


t=1 t=1 


(kK=1,2,...,h;h=1,2,...,0) 


The group G’ of vectors corresponding to the paral- 
lelohedron R' obtained will be determined by the equa- 
tions 


A= Y= wi Ans (2) 
k=1 


on condition that the vector [A;] of the group G corre- 
sponds to the vector [Xi] in the group G’ . 


Designate 

nr 

V (Bap Pay Saad Aas Ag) — Pot > pie; 
i=1 

and 

nr 

V (84, Boy ++ By AL ABs An) = Po + Pies 
i=1 
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By virtue of the formula (4) of Number 40 and [by 
virtue] of the equation (1) and (2) one obtains 


nr nr 
Po = Pot > pt iaio, Py = > piain (k=1,2,...,7) 


4t=1 4t=1 


Of which result [7;] and [z‘] being any two corre- 
sponding vectors, one will have 


n n 
See ee (3). 
i=1 i=1 


Theorem. The quadratic form 


Veet naiAkhleln = 
Wier (pila + viale +... + dinln) (mails + mi2la +... + Tinln) 


Carry out a transformation of the primitive paral- 
lelohedra of the set (R) with the help of a substitution 


1< “ 
Pok — 5 Pin Tir ote ee =a, (k=1,2,...,n) 


4=1 i=1 


One obtains a set of the primitive parallelohedra 
(R’). 


The corresponding value of the function V(24,25,..., 


vi, AL, AS, .--,A},) for the set (R’) will be expressed by the 
formula 


Tr 1 nr nr 
Vi Sacre t Aa Aare) See 5 DL Aiglils 
t=1 


t=1j=1 


By virtue of the theorem Number 38, the principal 
parallelohedron of the set (R) will be determined by the 
inequalities 


5 LD Aislihy + Soe >0 
i=1 
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which hold, whatever the integer values of l1,l2,...,ln 
may be. 


The various parallelohedra of the set (R’) will be de- 
termined by the inequalities 


5 Assit + Sc liai 2 Fy Ayton + 01% 2; (4) 


Each parallelohedron of the set (R’) will be charac- 


terised by a corresponding system (1) of integers oy 
00), 960). 


Observe how one could replace the base of the group 
G formed of n vectors by another base also formed of 
n vectors, these two bases will be equivalent, by virtue 
of Theorem III of Number 11; the corresponded positive 
quadratic form )°>> A,,l,1; will be replaced by an equiv- 
alent form; the inequalities (4) define within this case 
the set of the parallelohedra which can be transformed 
as the set (R’) with the help of a corresponding linear 
substitution on integer coefficients and of the determi- 
nant +1. 


The following remarkable theorem is thus demon- 
strated. 


Theorem. By applying the linear transformation of a 
primitive parallelohedron with the help of the substitutions 
in some real coefficients which form a group continuous 
for linear substitutions, one obtains a set of primitive 
parallelohedra which is perfectly determined by a class of 
equivalent positive quadratic form, on condition that one 
does not consider as being different the quadratic forms 
with proportional coefficients. 


We have seen how any positive quadratic form de- 
fines, by the help of the inequalities (4), a set of congru- 
ent parallelohedra which can be primitives or not. 


Section III 


Solution of the parallelohedra 
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with the aid of positive quadratic form 


Definition of the convex polyhedron corresponding to 
a positive quadratic form 
45 


Let ij.) j-19ij2ie; be an arbitrary positive quadrat- 
ic form in n variables 21,22,...,2%, . Imagine a set R of 
points (a;) satisfying the inequality 

nr nr nr 
S25 > 4s; + 2S casei >> 0, 


#=19=1 t=1 


whatever may be the integer values of 21,2%2,...,2n . 


By virtue of the definition established, the set R en- 
joys the following properties: 


1. The set Ris in n dimensions 


2. The point (0) represents the centre of the 
set R 


3. The set R is convex. 


Take we a system of arbitrary parameters €1,€2,...,€n 
and examine a vector g composed of points (a;) which 
are determined by the equation 


a;=pe;, where p>0O 


It is easy to demonstrate that there exists an interval 
O<p<po where po > 0 


which correspond with the points of vector g belonging 
to the set R. 


By posing 
io = Poke, 
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one obtain a vector [ajo] the points of which belong to 
the set R. The point (ajo) belongs to the boundary of 
the set R, that is to say: the point (ajo) satisfies the 


inequality 

S) > ajaias +2) > ax, > 0, (1) 
whatever may be the integer values of £1,%2,...,@, and 
satisfy at least one equation 


Dd aigtls +2) aioli = 0, (2) 


l,,lo,...,l, being the integers which do not vanish. 
Designate 
nr 
Qi = a0 — D aagly, (FST) 2st) (3) 
j=1 


one will have, by (2), the equation 
YY aig vir; + 2. aie; = 
ed aig (li — vi) (lj — ej) + 2 aio(li — xi) 


and, by virtue of (1), one obtains 


S) > ajaiaj +2) aaa > 0, (4) 


therefore the point (a;1) also belongs to the set R. 


By adding the inequalities (1) and (4), one finds, 


from (3), 
Yd ae 2ea; - o> aijaal; >0. 


The inequality obtained holds, whatever the integer 
values of 21,22,...,%n; this inequality can be written 


So aaglaly < So ag (he — 224) (1; — 22;) 


One concludes that the system (l;) is nothing but a 
representation of the minimum of the positive quadratic 
form >> >)laijz;2; determined in the set composed of all 
the systems of integers which are contiguous to the sys- 
tem 1; with respect to the modulo 2. 


The number of such systems is finite. Suppose that 
all these systems form a series 


(lia), Chaz), - ++ Cie) (5) 
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Theorem. The set R presents a convex polyhedron de- 
termined with the aid of the inequalities 


SoS aisjlinljn +20 ilix > O(K =1,2,...,0) (6) 


By virtue of the definition established, each point 
(a;) of the set R satisfies these inequalities. Suppose 
that a point (a;) satisfying these inequality does not be- 
long to the set R. One will determine in this case a pos- 
itive value of the parameter p in the interval 0 < p< 1, 
such that 

{°) =pa; whereO<p<1l, (7) 


one obtains a point (ar!) belonging to the boundary of 


the set R. The point (aS) will satisfy, as we have seen, 
an equation 


S_ Yo aijlily +25 0/1, = 0 (8) 


characterised by a system (l;) belonging to the series 


(6) . 
By virtue of the equation obtained, one has 
Ss all; < 0 


and, by (7), it becomes 


y aals-<.0. 


By presenting the equation (8) in the form 


SE aight + 2) ail: => 2(1 —p) Sail, 


one will have the inequality 


> agli + 25° axl; <0, 


which is contrary to the hypothesis. 


Independent inequalities which define the convex poly- 
hedron corresponding to a positive quadratic form 
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It may be the case that among the inequalities (6) of 
the previous number there are independent inequalities. 
Suppose, for example, that the inequality 


Sod aiglilj +250 ail; > 0 (1) 


ve dependent. One will have in this case an identity 


YS Maghkl,; + 2) ail; = (2) 
Po + rai Pk OLD Giglizljn + 2D ailik) 


where 


We have seen in Number 45 that the inequality 


dd airing = DD aajvil; > 0 
holds whatever the integer values of x1, 22,...,2m may 
be. 


By making in the identity (R) 


1 
Qu= —5 do aisls, 


one obtains 


pot Sipe (SH aislialsn - CV astials) =0 


and consequently 


po = 0, px (oy esti — OV asslieds) =0 


(k=1,2,...,¢0) 


By supposing that p, #0, one will have 


Sy aiilintn — eS ayn —0 
Sy agli — saa —21;k) (1; —2l;%). 


thus 


By virtue of the equation obtained, the system (1; — 
2s;i,) is in the series (5) of Number 45. This is a condi- 
tion necessary for the inequality (1) to be dependent. 
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Theorem. For an inequality 


Yo aaltg + 2) ede 0 (3) 


to be independent, it is necessary and sufficient that the 
quadratic form >) a;;x;x; does not possess as two min- 
imum representations (l;) and (-l;) in the set composed 
of all the systems of integers which are contiguous to the 
system (l;) with regard to the modulus 2. 


We have demonstrated that the condition studied is 
sufficient. It remains to be demonstrated that this con- 
dition is necessary. 


Let us suppose that the inequality (3) is indepen- 
dent. In this case 


SOY. aaj lil; + 25) ail; =0 


defines a face P in n—1 dimensions of the polyhedron R. 


Let (a;) be a point which is interior to the face P. 
One has the inequality 


Sod aijpriai +290 a5zi >O, (4) 


whatever the integer values of 21, 22,...,£2, may be, the 
two systems (0) and (l;) being excluded. By putting, as 
we have done in Number 45, 


a, = -a; — > aiyly, (5) 


one will also have an inequality 


SoS ajeiay +2) > ajn; > 0 (6) 


which holds for any integer values of 21,22,...,2n, the 
two systems (0) and (l;) being excluded. By adding the 
inequality (4) and (6) one finds, by (5), 


Sag 2iay — So aijeil; >O0 
in other words 


ee aaglily = dy ais (i — 22;)(lj —22;). 


The inequality obtained holds for any integer values 
of £1,%2,..., Zn, the two systems (0) and (l;) being ex- 
cluded. 


The theorem introduced is thus demonstrated. 
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Corollary. The number of the independent inequalities 
which define the polyhedron R corresponding to a positive 
quadratic form can not exceed the limit 2(2"—1). 


Set (R) of parallelohedra defined by a positive quadrat- 
tc form. 


Theorem. Let us suppose that the convex polyhedron R 
corresponding to a positive quadratic form 


Yd ayer; is determined with the help of the inequal- 
wttes 
Sd eigeiey + 2 So ain > QO. 


By applying the translations of polyhedron R 
the length of the vector determined by the equations 


NG S43 > easly; 
li,loa,...,ln being the arbitrary integers, one will make up 


a set (R) of congruent polyhedra which uniformly partition 
space in n dimensions. 


Let us indicate with R’ the polyhedron which are ob- 
tained with the help of a translation of the polyhedron 
R the length of the vector [A;]. The polyhedron R’ will 
be determined by the inequalities 
nr nr nr nr 

Aig Lit + 2 So (ai + oe ayzlj) x5 > QO. 


1 i=l j=l 


at 


1j 


This inequality can be written 


Dd aig (es +l) (a3 +1) +2 Vailas tli) 2 
VM aglls +2V aii. 


One concludes that the polyhedron R’ will be deter- 
mined by the inequalities 


So So aigaiay +2 opti > D0 > aighilj +20 ali (1) 
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which hold, whatever the integer values of variables 21, 
Z2,..-,2n may be. 


One will say that the polyhedron R’ congruent with 
the polyhedron R is characterised by the system (l;). 


Let us indicate by (R) the set of all the polyhedra 
congruent to polyhedron R and which are characterised 
by the various systems (l;) of integers. 


I argue that the set (R) uniformly fills the space in 
n dimensions. 


Let us take an arbitrary point (a;) in the space in 
n dimensions and find the polyhedron of the set (R) of 
which belongs the point (a;). In this effect, determine a 
minimum representation (l;) of the form 


SY ayaa; + 253) aja; 


in the set E composed of all the systems (a;) of integer 
values of the variables £1,2%2,...,2n. 


One will have the inequality 


SY aig a2; + 25) aia > Sy agliy + 2) ails 


which holds in the set E. As a result, the point (a;) 
belongs to the polyhedron of the set (R) characterised 
by the system (l,). 


Let us suppose that the point (a;) belongs to the 
various polyhedra of the set (R): R,R’,...,R) charac- 
terised by the systems 


(li), (dia), ---, (lin)- (2) 


By virtue of (1), one obtains the inequalities 
Sod aijlinljn +20 cilin = D> aaglily +250 ili. (3) 
(k=1,2,...,p) 
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It follows that one will have the inequality 


Teves +2 Nae > OL awhts +2 Darks 
for any integer values of 41,%2,...,2n, the systems (2) 
being excluded. 


One concludes that the point (a;) is interior to a face 
common to the polyhedra R,R’,...,R™) and defined by 
the equations (3). 


We have arrived at the following result: Every posi- 
tive quadratic form defines a set (R) of congruent paral- 
lelohedra which can be primitive or not. 


Algorithm for the search for the minimum of the form 
VV ayzrpez; +2 > azz; in the set E. 


Let us suppose that one had determined the indepen- 
dent inequalities 


SOY. aig lind jx +250 ailjx 210 Ce SAF 2. cen) 


which define the parallelohedron R corresponding to a 
positive quadratic form >>) aij;2;2; 


With the help of the systems 


(li); (lia), eee (lic) 


of integers, one can resolve many problems of the arith- 
metic theory of positive quadratic form. 


We seek, for example, the minimum of the form 


aes 2 a (1) 


in the set H composed of all the systems (z;) with inte- 
gers, @1,Q@2,..., @, being arbitrary parameters given. 


The values of 21,2%2,...,2, which correspond to the 
absolute minimum of the function (1) verify the equa- 
tions 


Sea. a 152) en) 


t=1 
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We designate by (€;) the point verifying these equa- 
tions. By posing 


&Hk+r 
we determine the integers [,,lo,...,l, under the condi- 
tions ‘i 
ln S 5 (¢=1,2,...,n) 

In the case r; =O (i=1,2,...,n) the system (l;) is the 
one we have sought. We suppose that all the numbers 
r;(¢#=1,2,...,n) do not vanish. We pose 

nr 
(°) =aji+ agi; 
j=l 
and examine the point (os) . 


Let us suppose that the point (a;) belongs to the 
parallelohedron of the set (R) which is characterised by 
the system (1,), therefore the system represents the min- 
imum of the form (1) . 


In the case where the point (as) does not belong 
to the parallelohedron R, we determine a value po in the 
interval 0 < po < 1 of parameter p, in the manner such 
that the point (pow) belongs to a face of the parallelo- 
hedron R. Suppose that this face be determined by the 


equation 
SoD aatlaljan +2 Y ealin =—0 


One will have an equation 


Soy ei lanlan + 2p0 >. aflin =0 where 0< po <1 


Let 
nr 
a’, = a? + So aeglyn 
j=l 
and examine anew the point (a‘,) and so on. I say that 
one will always determine a representation of the mini- 


mum of the form (1) by repeating many times the proce- 
dure explained. To demonstrate, suppose that one had 
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determined with the help of the algorithm shown a series 


of points 
be) Me iwc’) te (2) 


and a series of systems 


COD aC eee (ea ieee 
verifying the equations 
a Sa Sas eS 3) (3) 
j=l 
and the equations 


Sy agg +2 5° peal? =0 where 0<p, <1 
Ge 012252, 


By virtue of these equations, one finds 


Sagi 425 eI <0. (6S0,1,2,.5)° 


By designating 
mS i ee BGS nn (5) 


and 
m() =1; ’ 


one obtains, from (3), 


a?) =ait+ Daymi (k= 0,1,2,...) (6) 
j=l 


By substituting in the inequality (4), one gets 
EE an (11 + mo) (W + mP) + 20044 (1 + m) 
< LD aigm{) ms? +20 aim? 
This inequality, by (5), can be written 


D> aygyme tim k +1)+ 2 dymktt 
<LY aim ms? + 2Y dim? 
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(k = 0,1,2,...) 


The number of the systems (m\*?) of integers verify- 
ing these inequalities is limited. One concludes that the 
series of points (2) will always end by a point (a’*)) be- 
longing to parallelohedron R. By virtue of the equation 
(6), the system (m$*?) represents the minimum of the 
form Ol aijvizj +2>>> aiz; in the set E. The problem 
described comes down to the search for all the parallelo- 
hedra of the set (R) which are contiguous by a face in 
the interior of which the point (as) is to be found. One 
will determine all these parallelohedra by successively 
determining the parallelohedra which are contiguous to 
R through the faces in n—1 dimensions and so on and so 
forth. 


Properties of the systems of integers which charac- 
terise the faces in n—1 dimensions of the parallelohedron 
corresponding to a positive quadratic form 


Suppose that the systems 


(li), (lia), --,+(KT) (1) 


characterises the faces in n—1 dimensions of parallelo- 
hedron R corresponding to a positive quadratic form 


) ) AigLit; 


Theorem I. The elements I1k,lok,...,lmk of any system 
(lin) belonging to the series (1) have no common divisor. 


We have seen in Number 45 that the numbers /,k, lek, 
...,l,k verify the inequality 


ded aijries — DD aigwiljn > 0 
in the set E. By letting 
lin = Ot; where 6>1 
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and by putting x; = t; in the previous inequality, one 


gets 
> dS aagtaty - 5S So aijtity >0 


and it is necessary that 6=1. 


Theorem II. Suppose that n systems 


(pi1), (pi2),---, (Din) (2) 


represent n consecutive minima 
Mi <Me2<...My 


of the positive quadratic form )_)\a;;x;x;. All the systems 
(2) are in the series (1). 


By virtue of the definition for the system of n con- 
secutive minima, one will have an inequality 


Mz =)>_ > apps, <>) >. aaj 2it; (k =1,2,...,n) 


as long as all the numbers 2),22,...,2, can not be pre- 
sented in the form 


k-1 
M, = So urpir ; 


r=1 
the system (0) being excluded. 
Suppose that the system (p;,) does not belong to the 


series (1). In this case there exists a system (t;) of all 
the numbers verifying the inequality 


Soo aijPinPse > Soo 2:5 (ir — 2t;) (pyr — 2t;) 


On letting 
Gi = Dik — tj (3) 


one presents the previous inequality in the form 


Sait + SoS aijaia; (4). 
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By supposing that the two systems (t;) and (q;) are 
different from the system (0), one will have, by virtue of 
the inequality obtained, the equation 


k-1 k-1 
j= 5 UrPiT , i= y UrpiT 
r=1 r=1 


and, from (3), it follows that 


k-1 


Pir = >) (ur + vr) pir. 


r=1 


The equations obtained are impossible, since oth- 
erwise the determinant of n systems (2) would vanish, 
which is contrary to the hypothesis. 


As a result, the inequality (4) does not hold at con- 
dition where either 


t=O or tt =pi, (@=1,2,...,n) 


It is therefore demonstrated that the system (pix), 
(k =1,2,...,n) belongs to the series (1). 


Corollary. All the representations for the arithmetic 
minimum of the positive quadratic form ) > aij;xi%j are 
within the series (1). 


Theorem III. The numerical value of determinant of 
any n systems which belong to the series (1) is less than 
n! 


Choose any n systems in the series (1) 


(li1), (lia)... +, Clin) 


which the determinant tw does not vanish. Let us indi- 
cate 


1 1 
on = 5 aisljn and Win = 5 D shin (kK =1,2,...,n) 
j=1 j=1 
(5) 
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By virtue of the inequalities 


Sy aaa YY cael >0 (h=1,2,...,7) 


which holds in the set FE, 2n points (5) that belong to the 
parallelohedron R corresponding to the quadratic form 


SY agi 2iz 5. 


Let us choose any n points among 2n points (5), mak- 
ing sure that two points corresponding to the same index 
k value are not among the ones chosen. One forms in this 
manner 2n systems composed of n points 


(of) ’ (os) ROG (a02) (Obra dss (Gna) 


hi,ho,...,hn being any permutation of the indices 1,2, 
...,n and w=0,1,2,...,n. 


We designate, to summarise, 


h 0 h 
ai”? Sal (k=1,2,...,p) a) = OfAgs (6) 
(K=puwt+l,...,n;h=1,2,...,2”) 


and examine a simplex K, determined by the equa- 
tion 


ti = S opas}? where Soon <1 and 0, >0(k=1,2,...,n) 
k=1 k=1 
All the simplexes K;,,, (h = 1,2,...,2”) belong to the 


parallelohedron R. Any point (a;), which is interior to 
a simplex K;,, does not belong to any other simplex of 
the series formed. This results in an inequality 


ay daydza---den < f dx idz2---dtyn (h=1,2,...,2”) 
nd (Kn) (R) 
(7) 


On designating by D the determinant 


ail a,2 tee ain 
D= : 


GQnl a,2 --- ayn 
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of the quadratic form )>)\a;;2;2;, one has by virtue of 
(5) and (6) 


D 
‘ deidaz---dt, =~. 
(Kn) nt 2” 
and the inequality (7) gives 
w 


This established, we observe how the group G of vec- 
tors corresponding to the parallelohedron R possesses a 
basis formed by n vectors 

[air], [a;2], HOG [ain] : 


By virtue of Theorem III of Number 11, it follows 
that 


/ dzidz2:--dt, =D. (9) 
(R) 


By substituting in the inequality (8), one would obtain 


w<n! 
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